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ENVELOPE THEOREMS IN DYNAMIC PROGRAMMING
FUAN ZHAO AND ADI BEN-ISRAEL
Abstract. The Envelope Theorem is a statement about derivatives along an optimal trajectory.
In Dynamic Programming the Envelope Theorem can be used to characterize and compute the
Optimal Value Function from its derivatives. We illustrate this here for the Linear-Quadratic Control
Problem, the Resource Allocation Problem, and the Inverse Problem of Dynamic Programming.

1. Introduction
Consider an optimization problem
opt
s.t.

f (u, x)
u∈U

(1)

where x ∈ R is a parameter, U ⊂ Rn is the feasible set (may depend on x), f is assumed differentiable
and smooth as needed, and “opt” stands for “max” or “min”. We assume that (1) has a unique
optimal solution, u(x) ∈ U , for all x in some set X. The optimal value function is then defined
as
V (x) := f (u(x), x)
(2)
Even if (1) does not have a solution, say the supremum
sup {f (u, x) : u ∈ U }
is not attained, it may still be possible to have an envelope theorem for the optimal value function,
see [5] and [11]. Nonsmooth analysis is needed if the solution is not unique, see [3] and [4] for more
information. In this paper we assume the existence of a unique solution, as well as differentiability
of the optimal value function V (x). The Envelope Theorem, [7], then states that
∂f
(u(x), x)
(3)
∂x
i.e. the slope of the optimal value function is given by the partial derivative of f w.r.t. x along the
optimal trajectory (u(x), x).
This theorem is used widely in mathematical economics. For example, the profit of a competitive
firm facing price vector p is
V 0 (x) =

π(p) = sup
s.t.

{p · u − c(u)}
u∈U

the Fenchel conjugate of the cost function c(·) (defined as ∞ outside the feasible set U ). The
envelope theorem states here that
π 0 (p) = u
the optimal quantity vector, see [9, Chapter 7] and[10] for details.
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If the problem is constrained,
opt
s.t.

f (u, x)
g(u, x) = 0

(4)

consider the Lagrangian,
L(u, x, λ) := f (u, x) − V (x) + λg(u, x)

(5)

and the first order conditions for optimality (assuming a suitable constraint qualification holds)
Lu (u, x, λ) = fu (u, x) + λgu (u, x) = 0
Lx (u, x, λ) = fx (u, x) − V 0 (x) + λgx (u, x) = 0
Lλ (u, x, λ) = g(u, x) = 0

(6a)
(6b)
(6c)

where subscripts denote partial derivatives. The envelope theorem for this problem is given by
(6b),
V 0 (x) = fx (u(x), x) + λ(x)gx (u(x), x)
(7)
along the optimal trajectory (u(x), x, λ(x)).
A special case is the resource allocation problem
opt
s.t.

f (u)
g(u) = x

(8)

where x is the resource level, and g(u) is the consumption associated with the decision u. The
envelope theorem (7) here gives
V 0 (x) = λ
(9)
showing that the Lagrange multiplier λ is the marginal value of the resource.
In this paper we apply the envelope theorem to Dynamic Programming, in particular to resource
allocation and inverse problems.
2. An Envelope Theorem for Dynamic Programming
Consider a Dynamic Programming (DP) problem
min

N
−1
X

fk (uk , xk )

(10)

k=1

s..t.

xk+1 = Tk (uk , xk ) , k = 1, 2, · · · , N − 1
x1 given

where, at the k th stage,
xk = the initial state,
uk = the decision,

fk (u, x) = the return,
Tk (u, x) = the state transformation, leading to

xk+1 = the next state, also denoted x+ . At the N th (and final) stage, there is no decision, and the
return fN (xN ) depends only on the last state xN .
The DP problem (10) is solved recursively using the Bellman optimality principle,
Vk (x) = min {fk (u, x) + Vk+1 (x+ )} , k = 1, · · · , N − 1

(11a)

VN (x) = fN (x)

(11b)

u
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where Vk is the k th value function, assumed differentiable. We assume that (11a) has an optimal
solution satisfying the first-order optimality conditions,
∂fk (u, x) ∂Tk (u, x) 0
+
Vk+1 (Tk (u, x)) = 0
(12a)
∂u
∂u
∂fk (u, x) ∂Tk (u, x) 0
+
Vk+1 (Tk (u, x)) = Vk0 (x)
(12b)
∂x
∂x
∂Tk (u, x)
where (12b) is an envelope theorem. If the derivative
is nonzero, we can eliminate
∂u
0
Vk+1 (Tk (u, x)) from (12) to get
µ
¶−1
∂fk (u, x) ∂Tk (u, x) ∂Tk (u, x)
∂fk (u, x)
0
Vk (x) =
−
(13)
∂x
∂x
∂u
∂u


Ã
∂fk (u, x)
µ
¶−1 !
∂Tk (u, x) ∂Tk (u, x)


=
1, −
∇fk (u, x) , where ∇fk (u, x) =  ∂x 
∂f
(u,
x)
k
∂x
∂u
∂u
The corresponding result in the vector case (where x and u are vectors) is
Ã
µ
¶−1 !
∂Tk (u, x) ∂Tk (u, x)
∇Vk (x) = I, −
∇fk (u, x)
(14)
∂x
∂u
∂Tk (u, x)
is nonsingular (otherwise a generalized inverse can be used). We call (13),
∂u
or (14), the Envelope Theorem for DP.
The differentiability of the optimal value function was studied in [1] and [8] for various dynamic
models. Here we assume differentiability and study consequences of the envelope theorem along the
optimal path.
if the matrix

3. Examples and Special Cases
The following examples illustrate the envelope theorem for DP.
Example 1. A DP is said to have linear dynamics if the state transformation is linear in both
variables,
Tk (u, x) = Ak x + Bk u
(15)
where Ak , Bk are given matrices, so that
∂Tk
∂Tk
= Ak ,
= Bk .
∂x
∂u
Assuming Bk is nonsingular, the envelope theorem (14) gives,
∇Vk (x) = (I, −Ak Bk−1 )∇fk (u, x)

(16)

Example 2. A DP is called linear-quadratic, or an LQ problem, if it has linear dynamics, and
quadratic objective,
1
1
fk (u, x) = xT Qk x + uT Rk u ,
(17)
2
2
then, by (16),
µ
¶
¢ Qk x
¡
−1
∇Vk (x) = I, −Ak Bk
, k = 1, · · · , N − 1 ,
(18a)
Rk u
and ∇VN (x) = QN x .

(18b)
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The envelope theorem (16) can be used to derive the following well known result.
Corollary 1. Given an LQ problem as above, assume the matrices Qk , Rk are positive definite, for
all k. Then the optimal value functions are quadratic,
1
Vk (x) = xT Ωk x , k = 1, · · · , N ,
(19)
2
and the optimal control u is linear in the state
u = −(Rk + BkT Ωk+1 Bk )−1 BkT Ωk+1 Ak x , k = 1, · · · , N − 1 ,

(20)

where ΩN = QN and

¡
¢−1 T
Bk Ωk+1 Ak ,
Ωk = Qk + ATk Ωk+1 Ak − ATk Ωk+1 Bk Rk + BkT Ωk+1 Bk

(21)

for k = 1, · · · , N − 1.
Proof. At the N th stage,

1 T
x QN x
2
proving (19) for k = N . We prove (21) for k < N by induction. Suppose Vk+1 is quadratic,
1
Vk+1 (x+ ) = xT+ Ωk+1 x+ .
2
The optimality condition (12a) gives,
VN (x) =

(22)

Rk u + BkT Ωk+1 Ak x + BkT Ωk+1 Bk u = 0 , or
¡
¢
Rk + BkT Ωk+1 Bk u + BkT Ωk+1 Ak x = 0
¡
¢
proving (20) since Rk + BkT Ωk+1 Bk is positive definite.
The envelope theorem (18a) gives
Qk x + ATk ∇Vk+1 (Ak x + Bk u)
Qk x + ATk Ωk+1 xk+1 , by(22)
Qk x + ATk Ωk+1 (Ak x + Bk u)
¡
¢
Qk + ATk Ωk+1 Ak x + ATk Ωk+1 Bk u
¡
¢
= Qk + ATk Ωk+1 Ak − ATk Ωk+1 Bk (Rk + BkT Ωk+1 Bk )−1 BkT Ωk+1 Ak x , by(20) ,

∇Vk (x) =
=
=
=

proving (19) and (21).

¤

¤

The matrix Ωk is computed recursively, by (21), and depends on Ak , Bk , Qk , Rk and Ωk+1 . If the
matrices Ak , Bk , Qk , Rk are constant, (21) reduces to the Riccati equation
Ω = Q + AT ΩA − AT ΩB(R + B T ΩB)−1 B T ΩA

(23)

for the limiting Ω.
Example 3 (Resource allocation). In the resource allocation problem, the state at the k th stage
is the available budget x, the decision is the allocation u to the k th project, and the return fk (u)
typically depends only on the allocation, so that
∂f
=0.
(24)
∂x
The state transformation is
Tk (x, u) = x − gk (u) ,
4

0 ≤ gk (u) ≤ x

(25)

where gk (u) is the budget consumed by the allocation u, in particular,
Tk (x, u) = x − u ,

0≤u≤x

(26)

if gk (u) ≡ u. From (24) and the envelope theorem (12b) we get
0
Vk0 (x) = Vk+1
(x+ )

(27)

which combined with the optimality condition (12a) gives
Vk0 (x) = fk0 (u)/gk0 (u) , or
Vk0 (x) = fk0 (u) , for the dynamics (26).

(28)
(29)

Suppose an additional budgetary unit (marginal resource) becomes available at the k th stage. Then
(29) seems to suggest that it is optimal to spend the marginal resource at the k th stage. This is a
wrong interpretation: (29) merely says that, at optimum, one is indifferent between spending the
additional unit at the k th stage, or spending it later.
4. An Inverse Problem
Given the optimal value function Vk , see (11a), we define an inverse
Ik (v) := max{kxk : Vk (x) ≤ v}
x

(30)

where kxk is a norm of the vector x. The inverse Ik does depend on the norm used, see also [2],[6].
The following properties of the inverse are obvious.
Lemma 1. (a) For all x such that kxk = s,
Ik (Vk (x)) ≥ s

(31)

Ik (v) = max{kxk : ∃ u 3 kTk (u, x)k ≤ Ik+1 (v − fk (u, x))}

(32)

(b) The inverse satisfies
called an inverse optimality principle.
Example 4. Consider a resource allocation problem with objectives fk (u) and dynamics (25). Then
the inverse optimality principle (32) is
Ik (v) = max{x : ∃ u 3 0 ≤ x − gk (u) ≤ Ik+1 (v − fk (u))}
x≥0

(33)

which can be computed recursively as
Ik (v) = max{gk (u) + Ik+1 (v − fk (u))}
u≥0

(34)

with the boundary condition IN (v) = fN−1 (v).
If the functions Ik are differentiable, then the optimality conditions
0
(v − fk (u))fk0 (u) = 0
gk0 (u) − Ik+1

can be combined with the envelope theorem for (34),
0
(v − fk (u))
Ik0 (v) = Ik+1

to give
fk0 (u) =
which, together with (28), gives
Vk0 (x) =
in agreement with the notion of inverse.
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gk0 (u)
Ik0 (v)
1
Ik0 (v)

(35)

Example 5. Consider the LQ problem of Example 2 with
1
V (x) = xT Ωx
2
by (19), dropping the subscript k. We make repeated use of the fact that Ω is positive definite.
Then, by definition (30),
I(v) = max{ kxk : V (x) ≤ v }
©
ª
= max kxk : xT Ωx ≤ 2v
©
ª
= max kΩ−1/2 yk : yT y ≤ 2v

(36)

where, since Ω is positive definite, its square root Ω1/2 is nonsingular. Using the Euclidean norm in
(36), an optimal solution is
√
y∗ = 2v wn
(37)
where wn is a (normalized) eigenvector of Ω corresponding to its smallest eigenvalue λn , which is
positive since Ω is positive definite. Therefore
r
2v
−1/2 ∗
I(v) = kΩ
y k =
(38)
λn
1
(39)
. . . I 0 (v) = √
2λn v
On the other hand, for x∗ = Ω−1/2 y∗ , see (37),
∇V (x∗ ) = Ωx∗ , by (19)
√
2v Ω1/2 wn
=
p
. . . k∇V (x∗ )k =
2λn v
a reciprocal of (39), illustrating the reciprocity relation (35) if the state x is a vector.
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