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Abstract

Let A € R™™ with nonzero singular values o1, 09, -+, 0. The volume of A, vol A, is defined
as zero if r = 0, and otherwise,

T
vol A = H o; , or equivalently, vol A = \/Z det?Ars ,

i=1

summing over all » xr nonsingular submatrices Ar;. The matrix volume vol A generalizes the “absolute
value of determinant” from nonsingular to arbitrary matrices. Any r-dimensional unit cube in R(AT)
is mapped, under A, into a parallelepiped of volume vol A.

This paper gives properties and applications of vol A. In particular, the Moore-Penrose inverse of
A is a convex combination of (ordinary) inverses of its maximal nonsingular submatrices, [4],

AT =>"Npy Apy
I,J

or as a convex combination of Moore-Penrose inverses of its maximal full-rank submatrices,
t_ At na
AT=N"Mn AL =D A AL,
1 J

where the convex weights A are proportional to the squares of volumes of the corresponding subma-
trices.

Since A = A'T, the matrix A is a convex combination of inverses of submatrices of Af. Interestingly,
the weights of these convex combinations are the above weights (in transposed position), see Theorem
6.2.
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1 Introduction

For A € R™"™ we denote by N(A), or by N, the index-set of nonsingular r x r submatrices A;;. Berg [4]
showed that the Moore-Penrose inverse Al is a convex combination of ordinary inverses {A;7 : (I,.J) € N},

Al = Z s AL (1)
(I, J)eEN(A)

where X denotes that X is padded with the right number of zeros in the right places.
Equivalently, for any b € R™, the minimum-norm least-squares solution' of the linear equations

Ax=Db, (2)
is -
Atb= > MjA[ b, 3)
(I, J)EN(A)

a convex combination of basic solutions A;Jl b;, where by is the I** subvector of b. The representation (3) was
given by Ben-Tal and Teboulle [3] for A of full column-rank, from which the general case follows easily.
What is curious about these convex combinations is that the weights are proportional to the squares of the
determinants of the Aj;’s,
det?A 1J
Z detzAKL ’
(K,L)eN

((I,J)eN) . (4)

A1y =

For the sake of motivation, consider a single equation
n
Z a;rj = b 5 (5)
j=1

with 377 4 a? # 0. The minimum norm solution x = (x1,---,zy) is orthogonal to the hyperplane (5). Therefore
zj=0a; (j=1,...,n), where § is determined by substitution in (5),

The minimum norm solution is therefore a convex combination

X = Z Aj gej (6)

a;#0 J
of “basic solutions” a% e;, where e; is the jth unit vector, c?j is the intercept of the hyperplane (5) with the j*
coordinate axis, and the weights are
2
aj .
Aj = I JG=1,....,n), (7)

TN

n
> a
k=1

!'Throughout this paper, norm means Euclidean norm.




which explains (4) for the case m = 1. This explanation works also for the general case, since by taking exterior
products the system of equations (2) reduces to a single equation whose nonzero coefficients are the r x r deter-
minants det A7y, (I,J) € N'. The general result (3) then follows by applying (6) to the 7** compound matrix
Cr(A).

This paper studies the role played by the squares of determinants in results like (3). The sum of squares in
the denominator of (4),

> det?Aqs (8)

(I,J)EN(A)

is shown to have special significance. If A is a full row-rank [column-rank], then (8) is the Gramian of A, which
is the square of the volume of the parallelepiped generated by the rows [columns] of 4 , e. g. [7, Vol. I, Chapter
IX, § 5].

For general matrices A € R"™"™ the sum of squares (8) still has a volume interpretation: It is the square of the
volume of a parallelepiped, with “basis ” in the r-dimensional subspace R(AT), and “height” in the complementary
orthogonal subspace N(A). The “basis” has the square root of (8) as its r-dimensional volume, the “height” has
volume 1. Hence the following;:

Definition 1.1 (Volume of matrix) The volume of a matrix A € R]™*", denoted vol A or vol, A, is defined
as 0 if r = 0, and otherwise

vol A := det2 A[J N (9)
(I, J)eN(A)
or more constructively,
.
vol A := H o (10)
i=1
where
01202220y (11)

are the nonzero singular values of A. The equivalence of (9) and (10) is proved in (27) below.
For convenience, we denote the sum of squares (8) by

A%(A) = Z detQA[J . (12)
(I,J)EN(A)

If the matrix C' is of full column-rank r then, by the Cauchy-Binet Theorem,

A2(C) =detCTC, (13)
the Gramian of the columns of C. Similarly, if R is of full row-rank r,

A?(R) = det RRT . (14)

The “volume” vol A generalizes to arbitrary matrices the “absolute value of determinant”. Its applicability is
illustrated in § 5 below. Other applications include:

e computing principal angles between subspaces [14],

e checking existence of integer solutions [17],

e counting spanning trees in a digraph [9, § 4.9],

e exact computation of AT using residue-arithmetic [16].

The representation (10) implies some properties of vol A which are inherited from singular values. For example,

vol, (AB) < vol, A vol, B
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is immediate from well-known inequalities for singular values. However this paper concentrates on “determinantal
properties” of the matrix volume.

The plan of this paper is as follows. Preliminaries on full-rank factorizations are given in § 2. Connections
with exterior products and compound matrices are outlined in § 3.

Section 4 develops the main determinantal properties of vol A. The main results here are that the volume can
be written as a single determinant of a matrix obtained from A by bordering (Theorem 4.1) or complementing
(Theorem 4.2).

Section 5 presents applications of geometric nature. Finally Section 6 gives various representations of the
Moore-Penrose inverse. The main result here is Theorem 6.2, stating that both A and A have the same weights
(4) in their convex decompositions.

2 Full rank factorizations
Let A € R™™™, r > 0. The full-rank factorization of A
A =CR, where C e R, Re R*", (15)

is not unique, but the results below hold for all such C, R. Denote the set of increasing sequences of r elements
from {1,...,m} by
Qrm ={L={i1,-,ir} 1 <i1 <ipg <--- <ip <m} (16)

The set @y, is ordered lexicographically. The following denote the index-sets

I(A) = {I€Qpm: rank Ar, =71}, (17)
JA) = {JeQr,: rank A,y =r}, (18)
N(A) = {(Iv J) € Qr,m X Qr,n : rank A7y = T} s (19)

of maximal sets of linearly independent rows and columns, and of maximal nonsingular submatrices,
respectively. Clearly
I(A) =Z2(C), J(A)=I(R) . (20)

The index sets Z(A), J(A) and N (A) will be abbreviated here by Z, J and N respectively.

Lemma 2.1

N=IxJ. (21)
Proof: N C Z x J is obvious. The converse
NDO>IxJT,
follows since every Ay is the product
Arg=CnRyy . O (22)

An interpretation of (21), for A € R™*™ and r > 0, is: The intersection of any r linearly independent rows
and any r linearly independent columns is a nonsingular submatrix.

An immediate generalization: Let A € R™*"™, 0 < k < r/2. Then the intersection of any r — k linearly
independent rows, and any r — k linearly independent columns, is a matrix of rank > r — 2k.
Proof: Follows from (21) since dropping a row and a column decreases the rank by at most 2. O



Lemma 2.2 Let A € R, r >0, and let A = CR be any full rank factorization. Then

A2(4) = S A2(AL), (23)
1T

= Y AXA.), (24)
JeJg

= AZ(C)AXR) . (25)

Proof: Follows from Definition (12), and from (21) and (22). O

Example 2.1 (Singular value decomposition) Let A € R"™" r > 0. Then the singular value decompo-
sition (SVD) gives a full rank factorization of A,

A=UxVT with ¥ = diag(o;) € R™", (26)
U=(uy,...,u) , V=_(vi,...,v,)
where 01 > 09 > -+ > 0, are the nonzero singular values of A, and the sets {uj,---,u,} and {vy,---,v,} are

o.n. bases of R(A) and R(AT), respectively. Applying (25) we calculate
AXA) = ANDAXEVT) = AHO)AZ(Z)AX(VT)

I @)
=1

since UTU = VTV = I. Moreover, from (26),
Avi:aiui (izl,...,T) (28)

showing that the r-dimensional unit cube O({vy,---,v,}) is mapped under A into the cube of sides o;u; (i =
1,...,r), whose (r-dimensional) volume is

T
[l
i=1

the volume of A. Since the singular values are unitarily invariant, it follows that all r-dimensional unit cubes in
R(AT) are mapped under A into parallelepipeds of volume vol A.

3 The volume in multilinear setting

The setting of multilinear algebra is natural for the matrix volume, allowing simplification of statements and
proofs. The main results here are Lemmas 3.1 and 3.2.

Let V.= 1R", U = R™ and denote the set of linear transformations: V' — U by L(V,U). We use the same
letter to denote both a linear transformation in L(V,U) and its matrix representation with respect to fixed bases
in V and U.

k
Let AV be the kth exterior space over V, spanned by exterior products x; A --- A x; of elements x; € V,
e.g [10], [11] and [15]. For A € R, r > 0 and k = 1,---,r, the k-compound matrix Cj(A) is an element of
kK
L(ANV,AU), given by
AXl/\~~/\AX]€ch(A)(Xl/\"'/\Xk), Vx; eV, (29)
see e.g [11, § 4.2, p. 94]. Then Ci(A) is an ( T]:? ) % ( Z ) matrix of rank ( Z )
of singular values of A. It follows that C,(A) is of rank 1, and its nonzero singular value

and its singular values are all

products 04,0, - - 05
equals vol A.
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To any r-dimensional subspace W C V there corresponds a unique 1-dimensional subspace AW C /T\V,
spanned by the exterior product
wh=wi A AW, (30)

where {w1,---,w,} is any basis of W, e.g. [15]. The ( 7; ) components of w" (determined up to a multiplicative

constant) are the Pliicker coordinates of W. In particular, let o.n. bases of R(A) and R(A”) be given by the
{u;} and {v;} of the SVD (28). Then the Pliicker coordinates of R(A) are given by

u\=u A Au,
and those of R(AT) by
v/\:vl/\---/\vr
Moreover )
Cr(A) v = (volA) u”, C.(AT) u" = — ' (31)

correspond to the facts that A is invertible as a mapping: R(AT) — R(A), and A" invertible as a mapping:
R(A) — R(AT), see also [12]. In particular,

1

C(AT) = (C.(A))T, and vol (AT) = —i

Results relating volumes, compound matrices and full rank factorizations are collected in the following lemma.
The proofs are omitted.

Lemma 3.1 (Volume and compounds) Let r >0, A€ R™" C € R™ " have columns cV) and R € RI*"
have rows r(?), Then:

(a) Cr(R) (x(y A+ Argy) = vol 2R (32)

(b) Cr(CTY (cD A - A ™) = vol 2C (33)
(¢) If A= CR is a full rank factorization (15) of A, then

Cr(A) = (C(l) A A C(T)) (r(l) A A r(")) (34)
is a full rank factorization of C,.(A) ,2. Moreover, the volume of A is given by the inner product,
(WA AcM Ar(y A+ A Ar(,)) = vol ?A (35)

and

vol2A = vol? C,(A) = vol2C,.(C) vol2 C(R) . O (36)

Example 3.1 Consider the 3 x 3 matrix of rank 2, with a full rank factorization

1 2 3 1 2
A=| 456 |=cr=| 14 5 <10_1> (37)
78 9 78

2This is a restatement of (22).



Then the 2-compound matrix is

-3 -6 -3
Co(A) = | =6 —12 —6 | = C2(C) Ca(R) =
-3 —6 -3
-3
= -6 ] (121) (38)
-3

illustrating (34). The volume of A is calculated by (36)
vol3 A = vol}(C) vol(R) = (9436 +9)(1 + 4+ 1) = 324.

Lemma 3.2 (Corresponding r x 7 submatrices of A and Af) Let A € R™*", > 0. Then the determi-
nants of corresponding (in transposed position) r x r submatrices of A and AT are proportional,

. detA[J

det (AT);r = v (I,J : 39

e( )J] vol2A (7)EN ( )
Proof: From (34), (32) and (33) we calculate
1

Co(A)F = —7 (ray A Argy) (DA Ae) . (40)

We conclude that N (AT) = J x Z, and (39) follows from (22).

4 Determinants

The volume (9) can be computed as a single determinant by appropriately modifying A.

Given A € R]™*", r > 0, there is a natural way to define nonsingular matrices which carry useful information
about A and about linear equations in which A appears. Let Uy € R™*(™=") and V; € R ") be any two
matrices whose columns are orthonormal bases of N(AT) and N(A) respectively. Define the bordered matrix
B(A) e R(m+n—r)><(m+n—7‘) by

B(4) = ( o ) . (41)
Then B(A) is nonsingular ([5], [2, § 5.6]). For any b € R™ the minimum-norm least-squares solution
x=A'b (42)
of
() Ax=b,

is exactly the solution x of

(o) (3)-(5)

and the residual, Py 47) b, is given by Upu.



These results can be stated more compactly if m = n, 3. Then the complemented matrix*
C(A) = A+ UV (44)

is nonsingular, and the solution of
(A+ UVl )x=b (45)

is again the minimum-norm least-squares solution of (2). The orthonormality of the columns of Uy or Vj was not
needed until now.

Lemma 4.1

(a) Let C € R™ " and let the columns of Uy € R™*(™~") be an orthonormal basis of N(CT). Then the bordered
matrix B(C) = (C Uy) satisfies

det? B(C) = A2(C) . (46)
(b) Let R € R*™ and let the columns of Vy € R™* (" ") be an orthonormal basis of N(R). Then the bordered
matrix
R
satisfies

det?’ B(R) = A2(R) . (47)
Proof of (a): Follows from UZ Uy = I, det? B(C) = det B(C)T det B(C) and

T
B(C)TB(C) = < €’ UOTQUO ) =

Lemma 4.2 Let A € R™ ", and let Uy € R™ (™) and Vy € R™ (") be matrices whose columns are or-
thonormal bases of N(AT) and N(A), respectively. Then:
(a) The m-dimensional volume of (A Up) equals the r-dimensional volume of A

AL (A Up) = AY(A) . (48)

(b) The n-dimensional volume of ( > equals the r-dimensional volume of A

A
V'OT
A2 ( val ) — A2(4). (49)

Proof of (a): Every m x m nonsingular submatrix of (A Up) is of the form
(A*J UO) ) J e \-7 )

and therefore, A2 (A,; Up) = A2(A,s), by Lemma 4.1(a). The proof is completed by (24). O

3Which can be assumed, without loss of generality, since A can be padded with zeros.
4The factor UVl is called bicomplementary, [18].



Theorem 4.1 (Bordered matrices) Let A, Uy and Vj be as in Lemma 4.2, and consider the bordered matrix
(41). Then:

A2(A) = det?’B(A), (50)
= det (AAT + UUY ) (51)
= det (ATA+ VoV - (52)

Proof: Since the columns of
Vo
0
form an o.n. basis of N((4 Up)"), we can use Lemma 4.1(b) and Lemma 4.2(a) to prove (50)
det? B(A) = AZ (A Up) = A(A),

and (51)
AZ (A Up) =det((A Up) (A Up)") = det (AAT + UpUF) . O

Theorem 4.2 (Complemented matrices) Let A € R™*", m = n, and let Uy and Vj be as in Lemma 4.2.
Then
A2(A) = det? (A+ UV ) - (53)

Proof: Follows from previous results

A2(A) = A2(C) A2(R) = det? (C Up) det? ( fT > =
0

= det? (CR+ UpVy ) = det? (A+UpVy') . O
Example 4.1 Let

A:(i 8) with r = 1, A2(A) =5

and select Uy, V) as in Lemma 4.2
Then

with determinant /5. Also

0 —=2
(A U\ VP
1 0
with determinant = —+/5. The 1-dimensional volume of A is thus equal to the 2-dimensional volume of the

parallelepiped defined by the columns (or rows) of C(A), or to the 3-dimensional volume of the parallelepiped
defined similarly by B(A).



Corollary 4.1 Let A, B be n x n matrices. Then
vol (AB) = vol (A) vol (B) (54)

if the null spaces
N(A) = N(BT), N(AT) = N(B) . (55)

Proof: From (55) it follows that rank A = rank B = r, say, and N(B) = N(AB) = N((AB)T). Let Uy be a matrix
whose columns are an o.n. basis of N(B). Then

AX(AB) = det* (AB+UpUg ) , by Theorem 4.2,

_ 2 [ A U B W
= det <‘/0T O U[;f 0 y

A2(A)A%(B). O

5 Some applications

Example 5.1 (A generalized Hadamard inequality) Let A € R]"*" be partitioned into two matrices A =
(A1, A2), A; e R7V™ i =1,2, with 71 + 72 = r. Then

vol, A < vol, A vol,,As , (56)
with equality iff the columns of A; are orthogonal to those of As.

Proof: The full-rank case n; = r;, i = 1,2, was proved in [7, Vol. I, p. 254]. The general case follows since every
m X r submatrix of rank r has r1 columns from A; and r9 columns from Ay. O
A statement of (56) in terms of the principal angles ([1]) between R(A;) and R(A3) is given in [14].

Example 5.2 (Orthogonal projections) Let S be a subspace of IR" of dimension r, and let S be spanned by

vectors {vy,---,vi}. Let v.€ R™ be written as v = vg + vgi where vg € S and vg. is orthogonal to S. Then
VOI?“—i—l(Vla oy Vi, V)
lvsell = : (57)
voly(vi, -+, Vi)
where (vi,---,vy) is the matrix with v; as columns.

Proof: If v € S then both sides of (57) are zero. If v ¢ S then

A%+1(V1,"',Vk,V) - A72”+1(V17”'7vk)VSL) )
by properties of determinants,
= A%(Vlv"'vvk) A%(Vsl) )

by Example 5.1,

which completes the proof since A?(vg.) = ||[vge|?. O
This generalizes a classical result given for the case k = r in [7, Vol. I, Chapter IX, § 4].

Example 5.3 (The volumes of the (n — 1)-dimensional faces of a right n-simplex)



If A€ R}*" has orthogonal columns {A,; : j=1,---,n} then the right n-simplex
S =conv {0,{A,j:j=1,---,n}}

has n + 1 faces of dimension n — 1: The face

Fo=conv {A,;:j=1,---,n}, (58)
and the n simplices of dimension n — 1
Fy=conv {0,{A;:jeJ}}, J€E€Qu-1n- (59)
Then:
VOln_l FJ = ﬁ, J e Qn—l,n s (60)
VA2 A
VOlnfl FO == W . (61)
Proof: For any k, the volume of a right k-simplex conv {0, vy, - -+, vy} is related to the volume of the parallelepiped

O({ve,--+,vi}) by o ’
)

which proves (60). Then (61) follows from the Pythagorean theorem of Lin and Lin [§]

Voliil F() == Z VOlzlfl FJ 5
JEanl,n

1 2
= WJ QZ AL_1Asg, by (60),
€ n—1,n

A2 A
= "= O
(n—1)12

Example 5.4 (Height of a right n-simplex) Let A, S, Fj be as in Example 5.3. Then the distance from the
origin to the hyperplane containing the face Fp is

_ (62)
Z": 1
j=1 HA*J'HQ

Proof: Let h be the distance in question. Then the volume of the simplex S is

]detA\ . hVOln_l F()

| Y
n: n

and by (61), et
et

JA2o A7

which equals (62) by the orthogonality of columns of A. O

h =

10



6 Least squares solutions and the Moore-Penrose inverse

Remark 6.1 (Volumes and Cramer’s rule) Volume enters linear equations through Cramer’s rule which can
be stated in terms of ratios of volumes: Let A € R’*" b € R" and consider the linear equation Ax = b. For

any j = 1,---,n partition A = (A(j), fl) where AU) is the jth column, and A is the matrix of remaining columns.
Similarly partition the solution as x = (z;,%), so that

Ax = AWz, + Ax =D . (63)
Let A[j < b| denote the matrix A with the jth column replaced by b. Then
det A[j —b] = detAlj — AWz, + Ax],
det A[j — AWzj]

= zjdet A[j — AV)]
= Iy det A y

which is Cramer’s rule. It states that z; is the ratio of volumes of two parallelepipeds with same “basis” A, but
with “heights” b and AU respectively. If these parallelepipeds are on different sides of the hyperplane spanned
by the columns of A then x; < 0.

Remark 6.2 (Separating the least squares and minimum norm computations)

Let A € R™ ™ and consider the equation Ax = b. Its minimum-norm least-squares solution x = A'b is literally
the solution of a two-stage minimization problem:

Stage 1

minimize ||Ax — b| (64)
Stage 2

minimize {||x|| among all solutions of Stage 1} (65)

where norms are Euclidean. Stage 1 (least squares) has a unique solution only if » = n. Stage 2 has the (unique)
solution x = A'b, 5.
For any full-rank factorization A = C'R the above two stages can be separated

Stage 1

minimize ||C'y — b|| (66)
Stage 2

minimize {||x|| among all solutions of Rx =y} (67)

with the advantage that Stage 1 now has the unique solution y = Cb. This is an implementation of the fact that
AT = RiCt (68)

is a full-rank factorization of AT.

SThese two stages can be combined (in the limit):
minimize || Ax — b||* + o?||x||* ,

where o« — 0.
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Lemma 6.1 (Solution of full-rank systems)

(a) Let C € R, b e IR™. Then the (unique) least-squares solution y of

Cy=b, (69)
is
y= > unCh'br, (70)
1€Z(C)
where ur, is given by
V012C[*

= ——— . 71
H vol 2C (71)

(b) Let R € R.*™ , y € R". Then the minimum norm solution of

Rx =y, (72)
is
X = Z VyJg R*_le ) (73)
JeJ(R)
where v, is given by
vol 2R, ;
] = ——— . 74
Ve vol?R (74)

Proof: (a) The coefficients y; satisfy the normal equation C*Cy = CTb, rewritten as,
CTeW A ACTDACTOACTHFD A p 0T =
=y (CTcW A-..n 0Ty, (75)
The LHS is C,.(CT) (¢W A---Aclt=D AbAcHD A .. Ac) which simplifies to

LHS (75) = Z det C. detC[*[i — b]] =
1€7(C)

= Y det’Cr. (Ci'by);
I1eZ(C)

and RHS (75) is y; times (33). The Cramer rule for the least squares solution is therefore

yi= Y u (Crlbr)i, (76)
1€7(C)

with pur. given by (71), and (C},'br); the i component of the solution C7.'br of the r x r system
C[* Yy = b[ . (77)

Combining (76) for i = 1,...,r, we obtain the least squares solution y as the convex combination (70) of “basic
solutions”® O

Combining Remark 6.2 and Lemma 6.1, we prove Berg’s Theorem in geometric form.

6This derivation follows that of Marcus [10, § 3.1, Example 1.5(c)] and Ben-Tal and Teboulle [3].
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Theorem 6.1 (Berg, [4]) Let A € R"*", b € R™. Then the minimum-norm least-squares solution of
(2) Ax=Db,

is the convex combination

x= Y AuyApbr, (78)
(I,J)eEN(A)

with weights given by (4).
Proof: Follows by substituting (70) in the RHS of (72). Then (78) follows from (73) with weights

AL = I+ VsJ

which, by (71) and (74), are (4). O

Since (78) holds for all b, we proved Berg’s representation (1) of the Moore-Penrose inverse as a convex combination
of ordinary inverses of r x r submatrices,

—

(1) Af = S A A]_J1 ,
(I, J)eN

where A;Jl is an n X m matrix with the inverse of A;; in position (J, ), and zeros elsewhere.

Remark 6.3 Other representations of Af, e.g. [6], can be obtained by summing (1) in special ways.
Summing (1) over I € Z we obtain, using (21) and (22),

A= a4l (79)
JeJ

a convex combination of the Moore-Penrose inverses of maximal full column-rank submatrices A, s, with weights
)\*J 9
vol A* J
Mg = ——5— 80
*/ vol2A (80)
and Ai 7 is the n x m matrix with AI s in rows J and zeros elsewhere.
Similarly, summing (1) over J € J gives

IeT
where )
vol A[*
Aly = ———— 82
! vol2A (82)

and A}* is an n X m matrix with A}* in columns I and zeros elsewhere.

Example 6.1 Consider A of Example 3.1. We illustrate (81) where A is represented as a convex combination

of the AL, I € 7. Each AL is computed using (1). This requires a listing of the 2 x 2 submatrices and their
volumes and inverses as follows:

13



I J A_[J detQAIJ

—1
AIJ

1,2 (1,2 (

1,2 1,3 ( 62

1,2 2,3 ( 32

1,3 1,2 (

1,3]1,3 (

1,31]2,3 ( 62
O
(

2,3 1,2

2,31 1,3 62

Jloel
Joel
Jloel
Joel
)| (s
Jloel
Joel
Jooel

5 6 o 1 -9
22| (20)] o) (]

| | | |
= o B~ ot — W — N N W —

|
N W
N——— N——— N——— N——— N—— N——— N—— N——

@2 B e

Table 1: Illustration of Example 6.1.

For A{1,2},* = ( le g 2 ) we calculate

Vol3A(1 0y« = 3%+ 6%+ 3% =54,

and using (1), and the first three entries in Table 1,

-5 2 —6
32 1 62 1
Al =22 4 -1 | += 2 0
{1,2},*
54 3 0 0 54 6 1
0 0 —17
21
+§—4 3 -6 3 |,= % -2
5 —2 13 —4
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Similarly we calculate

6 —26 8
A, =0 | -2 2
{1,3}, ’
216 99 _4
—26 17
3
Al == | -2 2
{2,3}
b4 22 —13
Finally, from (81),
ao 3 (T Sl [0 5,
sa54 |5 o) a6 | L,
0 —-26 17 -23 -6 11
% 5% 0 -2 2 , = 3176 -2 0 2
0 22 —-13 19 6 —7
Remark 6.4 (Weighted least squares)
Consider a weighted (or scaled) system
WAx = Wh | (83)

where W is a diagonal matrix with positive diagonal elements w;. If A = CR is a full rank factorization of A,
then WA = (WC)R is a full rank factorization of W A. The first stage (66) for the problem (83) is

minimize ||[WCy — Wb|| , (84)
whose solution, using Lemma 6.1(a), is
y =Y un(W)Crbr, (85)
1€l
with ) )
rws) det*Cly
NI*(W) _ (HzGI i ) 5 21 ) (86)
> (liex wi) det*Cr
KeTl
The second stage is still (67)
minimize {||x|| : Rx =y},
with y from (85). Therefore the minimum norm (weighted) least squares solution of (83) is
x= > Ag(W)A; by, (87)
(I,J)eN
with ) )
- °) det®A
A[J(W) _ (Hzel wl) 2 IJ2 ) (88)
> (Iliex wy) det”Agr
(K,L)eN

—

Note that the weights w; appear only in the convex weights Ar; and not in the ”basic solutions” {Al_}b 1 (I,J) e
N}, We conclude that for fixed A and b, all weighted systems (83) have their minimum-norm least-squares
solutions in the convex hull of the set of basic solutions. In the full-rank case this was proved by Ben-Tal and
Teboulle in [3], together with extensions from least squares to minimizing isotone functions of | Ax — b|, the vector
of absolute values of Ax — b.
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J | I Al (45!
1,2 [ 1,2 | 55 <__22 _g> s (‘g _2§>
1,2 1,3 | & (__23 1;) 5 (:g ;;)
1,223 5 <_g 1%) % <_g 1é>
e (75 0) 1 (58 8
1,3[1,3] 4 (f; _%) i (1; ;:13>
1,3 2,3 316<_2 _1;> 32<glé>
2,3 11,2 316<_138> ?g<_1§g>
2,3 1,3 316<_13 j) 32(;;3)
2,3 [ 2,3 %(gj) ?S(Zé)

Table 2: Illustration of Example 6.2.

We began with Berg’s representation (1) of AT as a convex combination of inverses of maximal nonsingular
submatrices A7y of A. The weights A;; of this convex combination are proportional to det?A;;. These results
can be redirected at A, since A = AT, representing it as convex combination of ordinary inverses of maximal
nonsingular submatrices (A") ;7 of AT. From (39) it follows that the convex weights are again A;;. This proves
the following.

Theorem 6.2 (Convex decomposition of matrices) Let A € R"*", r > 0. Then

—

A= > Apy(4Ah7]
(I,J)eN

(89)

—

where (A1);} is an m x n matrix with the inverse of the (J,I)th submatrix of A" in position (I,J) and zeros
elsewhere, and
det?® A IJ

> det? Ak, .
(K,L)eN

ALy =
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Interestingly, the minors of all sizes of A and A have convex decompositions analogous to (89) and (1), with
weights (4), [13].

Example 6.2 We illustrate (89) for the matrix A of Example 3.1, using the Moore-Penrose inverse from Example
6.1,

) 23 —6 11
At = % -2 0 2
19 6 -7

A listing of the 2 x 2 submatrices of A is given in Table 2. Their determinants are given by (39) and Example
6.1. Then (89) reconstructs A as a convex combination of the above inverses

U U e DR B S Y
324 12 0 0 0 324 24 9 93 0
2 0 0 0 2 —6 0 —6
;’ﬂ% —2 11 0 3%% 19 0 23 |+
0O 6 0 0 0 0
s (0 e e (0T
324 48 19 0 23 324 24 6 0 6
EAEC (ool BN O I T
324 12 0 0 0 324 24 0 19 2
32 36 0 0 O
—_— 0o 7 2
324 12 06 0
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