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Abstract

Let
cos{L,M} :=

∏

i=1

cos θi ,

denote the product of the cosines of the principal angles {θi} between the subspaces L and M . The

direction cosines of an r-dimensional subspace L are the
(n

r

)
numbers {cos{L, IRn

J} : J ∈ Qr,n} where

Qr,n := the set of increasing sequences of r elements from {1, . . . , n} , and
IRn

J := {x = (xk) ∈ IRn : xk = 0 for k 6∈ J} .
The basic decomposition of a linear operator A : IRn → IRm, with rankA = r > 0, is

A =
∑

I∈I(A)

∑

J∈J (A)

cos2 {R(A), IRm
I } cos2 {R(AT ), IRn

J}BIJ ,

a convex combination of nonsingular linear operators BIJ : IRn
J → IRn

I . Here
I(A) := {I ∈ Qr,m : rankAI∗ = r} , and J (A) := {J ∈ Qr,n : rankA∗J = r} .
The product cosines are related to the matrix volume, defined as the product of its nonzero singular

values. The Moore-Penrose inverse A† is characterized as having the minimal volume among all {1, 2}-
inverses of A. Indeed, if G is a {1, 2}-inverse of A, with range R(G) = T and null-space N(G) = S
then

vol G =
vol A†

cos{T,R(AT )} cos{S,N(AT )}
.
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1 Introduction

1.1 Notation

We use the notation and terminology of [2] and [5]. In particular:

1.1.A The volume of A ∈ IRm×n
r is

volA :=





0 , if r = 0 ,
r∏

i=1
σi , if r > 0 ,

(1.1)

where σi are the nonzero singular values of A .

1.1.B Let L, M be subspaces in IRn, and dim L = l ≤ dim M = m. Then the principal angles
between L and M ,

0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θl ≤
π

2
(1.2)

are defined by

cos θi :=
<xi, yi>

‖xi‖ ‖yi‖
= max

{
<x, y>

‖x‖ ‖y‖
:

x ∈ L , x ⊥ xk,
y ∈ M , y ⊥ yk,

, k = 1, . . . , i − 1

}
, (1.3)

where
(xi, yi) ∈ L × M, i = 1, . . . , l , (1.4)

are the corresponding l pairs of principal vectors.

1.1.C The product of principal sines, and the product of principal cosines, are denoted by

sin{L, M} := sin θ1 · · · sin θl , (1.5)

cos{L, M} := cos θ1 · · · cos θl . (1.6)

Note that (1.5) and (1.6) are just notation, and not ordinary trigonometrical functions. In particular,
sin2 {L, M} + cos2 {L, M} ≤ 1.

1.1.D Let Qr,n denote the set of increasing sequences of r elements from {1, . . . , n}. For A ∈ IRm×n
r

we denote by
I(A) := {I ∈ Qr,m : rankAI∗ = r} , (1.7)

J (A) := {J ∈ Qr,n : rankAJ∗ = r} . (1.8)

1.1.E The basic subspaces of dimension r of IRn are the
(

n
r

)
subspaces

IRn
J := {x = (xk) ∈ IRn : xk = 0 if k 6∈ J} , J ∈ Qr,n , (1.9)

which, for r = 1, reduce to the n coordinate lines

IRn
{j} := {x = (xk) ∈ IRn : xk = 0 if k 6= j} , j = 1, . . . , n . (1.10)

1.2 Results

This paper studies relations between the volume function, principal angles and generalized inverses. In § 2
we study the direction cosines cos {L, IRn

J} of a subspace L. The basic decomposition of linear operators
IRn → IRm is given in § 3. In § 4 we prove related extremal properties of the Moore–Penrose. The
Moore–Penrose inverse A† is of minimal volume among the {1, 2}-inverses of A.
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2 Direction cosines

Let L be a line in IRn passing through the origin, spanned by the vector ℓℓℓ= (ℓj) . The direction cosines
of L are the n cosines

{cos {L, IRn
{j}} : j = 1, . . . , n} (2.1)

of the non-obtuse angles between L and the n coordinate axes. The direction cosines are the moduli of the
cosines of the angles between ℓℓℓ and the unit vectors {eeej : j = 1, . . . , n}

cos {L, IRn
{j}} = |cos 6 {ℓℓℓ, eeej}| , (2.2)

and satisfy
n∑

j=1

cos2 {L, IRn
{j}} = 1 . (2.3)

For any line M through the origin, spanned by the vector mmm= (mj) ,

cos {L, M} = |cos 6 {ℓℓℓ,mmm}| =

∣∣∣∣∣∣

n∑

j=1

cos 6 {ℓℓℓ, eeej} cos 6 {mmm, eeej}

∣∣∣∣∣∣

≤
n∑

j=1

|cos 6 {ℓℓℓ, eeej}| |cos 6 {mmm, eeej}| (2.4)

=
n∑

j=1

cos{L, IRn
{j}} cos{M, IRn

{j}} ,

with equality in (2.4) if and only if cos 6 {ℓℓℓ, eeej} and cos 6 {mmm, eeej} have the same signs for all j, or equivalently,

sign (ℓj) = sign (mj) , j = 1, . . . , n . (2.5)

The analogous results for general subspaces of IRn are given below. First the analog of the identity (2.3).

Theorem 1 Let L be a subspace of IRn , dimL = ℓ > 0 and let r ∈ {1, . . . , n} . Then

∑

J∈Qr,n

cos2 {L, IRn
J} =





(
r
ℓ

)(
n
r

)

(
n
ℓ

) , if r ≥ ℓ

(
n − r
n − ℓ

)(
n
r

)

(
n
ℓ

) , if r < ℓ

(2.6)

Proof: Let r ≥ ℓ. For any J = {j1, · · · , jr} ∈ Qr,n , let P := (eeej1 , · · · , eeejr) ∈ IRn×r denote the matrix
with columns eeej , j ∈ J . Let the columns of Q ∈ IRn×ℓ form an orthonormal basis for L. Then

cos2 {L, IRn
J} =

ℓ∏

i=1

σ2
i (P

T Q), by [5, Lemma 1]

= det(QT
J∗QJ∗)

=
∑

K ∈ Qℓ,n

K ⊆ J

det(QT
K∗QK∗),
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where σi(P
T Q) are singular values of P T Q. Therefore

∑

J∈Qr,n

cos2 {L, IRn
J} =

∑

J∈Qr,n

∑

K ∈ Qℓ,n

K ⊆ J

det(QT
K∗QK∗),

=

( r
ℓ

) (n
r

)

(
n
ℓ

)
∑

K∈Qℓ,n

det(QT
K∗QK∗),

=

( r
ℓ

) (n
r

)

(n
ℓ

) det(QT Q),

=

(
r
ℓ

) (
n
r

)

(n
ℓ

) , (2.7)

where the second equality follows that for each term det(QT
K∗QK∗), K ∈ Qℓ,n, it appears in the summation

exactly

(
r
ℓ

)(
n
r

)

(
n
ℓ

) times. The result for r < ℓ is obtained from (2.7) using the fact that the nonzero

principal angles between L and M are the same as the nonzero principal angles between L⊥ and M⊥, [5,
Theorem 3]. Therefore if r < ℓ,

∑

J∈Qr,n

cos2 {L, IRn
J} =

∑

J∈Qn−r,n

cos2 {L⊥, IRn
J} =

(
n − r
n − ℓ

) (
n

n − r

)

( n
n − ℓ

) .

2

We see from (2.6) that ∑

J∈Qr,n

cos2 {L, IRn
J} = 1 (2.8)

only if r = dimL or r = n. The special case r = dimL = 1 gives the identity (2.3).
The following theorem gives the analog of inequality (2.4) for equi-dimensional subspaces.

Theorem 2 If L and M are subspaces of IRn of dimension r, then

cos {L, M} ≤
∑

J∈Qr,n

cos{L, IRn
J} cos{M, IRn

J} . (2.9)

Proof: Let the columns of E and F be orthonormal bases for L and M respectively. Then

cos {L, M} = |det (ET F )|, by [5, Theorem 5],

= |
∑

J∈Qr,n

det (ET
J∗FJ∗)|,

≤
∑

J∈Qr,n

|det (EJ∗)| |det(FJ∗)|,

=
∑

J∈Qr,n

cos{L, IRn
J} cos{M, IRn

J}| , by [5, Corollary 2]. (2.10)
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The proof shows that equality holds in (2.9) if and only if

sign det (EJ∗) = sign det (FJ∗) , ∀J ∈ Qr,n , (2.11)

or equivalently, corresponding Plücker coordinates of L and M have the same signs.

3 The basic decomposition of linear operators

A linear operator A : IRn → IRm of rankA = r > 0 can be written as a convex combination

A =
∑

I∈I(A)

∑

J∈J (A)

det2 AIJ

vol 2A

̂(A†)−1
JI (3.1)

where ̂(A†)−1
JI is an m×n matrix with the inverse of the (J, I)th submatrix of A† in position (I, J) and zeros

elsewhere, see [2, Theorem 6.2]. Each ̂(A†)−1
JI is a one-to-one mapping of IRn

J onto IRn
I . The operator A of

rank r is therefore a convex combination of nonsingular operators between basic subspaces of dimension
r. The representation (3.1) is called a basic decomposition of A. We interpret the convex weights
det2 AIJ/vol 2A of (3.1) in terms of direction cosines as follows.

Theorem 3 If A is a linear operator : IRn → IRm of rankA = r > 0, then there exist linear operators
{BIJ : I ∈ I(A), J ∈ J (A)} such that

BIJ : IRn
J → IRm

I is one-to-one and onto ,

N(BIJ) = (IRn
J)⊥ ,

and A =
∑

I∈I(A)

∑

J∈J (A)

cos2 {R(A), IRm
I } cos2 {R(AT ), IRn

J}BIJ . (3.2)

Proof: Let
A = CR (3.3)

be a full rank factorization of A, and apply (3.1) to C and R separately, to get

A =
∑

I∈I(C)

det2 CI∗

vol 2C

̂(C†)−1
∗I

∑

J∈J (R)

det2 RJ∗

vol 2R

̂(R†)−1
J∗ (3.4)

We recall

cos{R(A), IRm
I } =

|detAIJ |

volA∗J
, (3.5)

for any J ∈ J (A), see [5, Corollary 2]. Then (3.2) follows from (3.4) and (3.5) since I(A) = I(C),
R(A) = R(C), J (A) = J (R), R(AT ) = R(RT ) and A† = R† C†. 2

It follows from [2] that the basic decomposition of A† has the same convex weights as (3.2),

A† =
∑

I∈I(A)

∑

J∈J (A)

cos2 {R(A), IRm
I } cos2 {R(AT ), IRn

J} Â−1
IJ , (3.6)

here AIJ is the (I, J)th submatrix of A, and ̂ denote padding with zeros.
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Figure 1: A linear operator A : IRn → IRm and one of the basic operators BIJ

The following example shows that the basic decomposition (3.1) of A may not be unique even if we fix the
convex weights.

Example 1 Let A =

(
1 0 2
0 1 1

)
. The basic decomposition of A is given by (3.2) as

A =
1

6

(
5 2 0
2 2 0

)
+

1

6

(
1 0 2

−2 0 2

)
+

2

3

(
0 − 1

2

5

2

0 1 1

)

with basic operators

B{1,2},{1,2} =

(
5 2 0
2 2 0

)
, B{1,2},{1,3} =

(
1 0 2

−2 0 2

)
, B{1,2},{2,3} =

(
0 − 1

2

5

2

0 1 1

)
.

However A can also be expressed as

A =
1

6

(
3 0 0
0 2 0

)
+

1

6

(
3 0 0
0 0 2

)
+

2

3

(
0 0 3
0 1 1

)

with the same convex weights, but different basic operators. Note that the above two expressions also have the same
corresponding minors.

det

(
5 2
2 2

)
= det

(
3 0
0 2

)
= 6 .

det

(
1 2

−2 2

)
= det

(
3 0
0 2

)
= 6 .

det

(
−

1

2

5

2
1 1

)
= det

(
0 3
1 1

)
= −3 .

4 Extremal volumes of {1, 2}-inverses

Let A be a linear operator : IRn → IRm of rank r, range R(A) and null space N(A). The {1, 2}-inverses of
A are the operators G : IRm → IRn satisfying

AGA = A and GAG = G . (4.1)

The set of all {1, 2}-inverses of A is denoted by A{1, 2}. For any two subspaces S and T such that

IRn = N(A) ⊕ T , IRm = R(A) ⊕ S (4.2)
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Figure 2: A {1, 2}-inverse G of A with range T and null-space S

there is a unique {1, 2}-inverse G of A, with

R(G) = T , N(G) = S , (4.3)

see Figure 2. In particular, if S = N(AT ) and T = R(AT ) then G is the Moore-Penrose inverse A†. The
volume of A† is

vol (A†) =
1

vol (A)
. (4.4)

Theorem 4 Let G be a {1, 2}-inverse of A with range R(G) = T and null space N(G) = S. Then

volG =
volA†

cos{T, R(AT )} cos{S, N(AT )}
. (4.5)

Proof: The rank of G is r , since G ∈ A{1, 2} . Let

G = EPF , E , F T ∈ IRn×r
r , P ∈ IRr×r

r , (4.6)

be a full rank factorization of G , where E , F T have orthonormal columns. Then

R(G) = R(E) = T , N(G) = N(F ) = S . (4.7)

It follows from (4.1) that
PFCRE = Ir . (4.8)

Therefore
P = (RE)−1 (FC)−1 , (4.9)

and volG = vol (E) vol (P ) vol (F ) ,

=
1

|det(RE)| |det(FC)|
, by (4.9)

=
1

vol (R) cos{R(E), R(RT )} vol (C) cos{R(F T ), R(C)}
, by [5, Theorem 5]

=
volA†

cos{T, R(AT )} cos{S⊥, R(A)}
, by (4.4)

=
volA†

cos{T, R(AT )} cos{S, N(AT )}
, by [5, Theorem 3] . (4.10)

2
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Corollary 1 The Moore-Penrose inverse A† is of minimal volume among all {1, 2}-inverses of A .

Proof: If T 6= R(AT ) or S 6= N(AT ) then the denominator in (4.5) is < 1 . 2

Remark. volG is unbounded in A{1, 2}, although

cos{S, N(AT )} = 0 violates AGA = A ,

cos{T, R(AT )} = 0 violates GAG = G .
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