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Abstract

The basic solutions of the linear equation

Ax = b ,

are the solutions of subsystems corresponding to maximal nonsingular submatrices of A. The convex hull of the
basic solutions is denoted by C = C(A,b). The residual r(x) of a vector x is r := Ax − b. Given 1 ≤ p ≤ ∞,
the ℓp-approximate solutions of Ax = b, denoted x{p}, are minimizers of ‖r(x)‖p. Given M ∈ Dm, the set of
positive diagonal m × m matrices, the solutions of

min
x

‖M (Ax − b)‖p ,

are called scaled ℓp-approximate solutions. For 1 ≤ p1, p2 ≤ ∞, the minimum ℓp2
-norm ℓp1

-approximate

solutions are denoted x
{p1}
{p2}

. Main results:

(a) The set of scaled ℓp-approximate solutions, with M ranging over Dm, is the same for all 1 < p < ∞.
(b) If A ∈ IRm×n

m , C contains all [some] minimum ℓp-norm solutions, for 1 ≤ p < ∞ [p = ∞].

(c) For general A, 1 ≤ p1, p2 < ∞, the set C contains all x
{p1}
{p2}

.
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0 Notation

0.1 The set of increasing sequences of k elements from
{1, · · · ,m} is denoted by

Qk,m = {I = {i1, · · · , ik} : 1 ≤ i1 < i2 < · · · < ik ≤ m} .

Given a subset I ∈ Qk,m, its complement in {1, . . . ,m} is
denoted Ic.

0.2 For A ∈ IRm×n
r , r > 0, denote the index sets

I(A) = {I ∈ Qr,m : rank AI∗ = r} , (0.1)

J (A) = {J ∈ Qr,n : rank A∗J = r} , (0.2)

N (A) = {(I, J) ∈ Qr,m × Qr,n : rank AIJ = r} , (0.3)

of maximal sets of linearly independent rows and
columns, and of maximal nonsingular submatrices, re-
spectively. The index sets I(A), J (A) and N (A) are abbre-
viated here by I, J and N respectively. We have

N = I × J , see e.g. [2] . (0.4)

0.3 The basic solutions of the linear equation

Ax = b ,

are the solutions of subsystems corresponding to maximal
nonsingular submatrices of A. The basic solutions are, for

A of full column-rank: {A−1
I∗ bI : I ∈ I} , (0.5)

A of full row-rank: {Â−1
∗J b : J ∈ J } , (0.6)

general A : { ̂A−1
IJ bI : (I, J) ∈ N } , (0.7)

where bI is the Ith subvector of b, and ̂ denotes a vector
padded by zeros.

The convex hull of basic solutions of the given equation
Ax = b is denoted by C = C(A,b).

0.4 The set of minimizers [maximizers] of a function
f is denoted by arg min f [arg max f ].

0.5 The Hadamard product u ◦ v of two vectors
u = (uj) and v = (vj) is the vector

u ◦ v := (uj vj) . (0.8)

0.6 Let Dm be the set of all m × m positive diagonal
matrices.

0.7 Inequalities between vectors, such as x ≤ y , are
interpreted componentwise. x <6= y would be x ≤ y ,x 6= y .

1 Introduction

Given A ∈ IRm×n and b ∈ IRm, consider the linear equation

Ax = b , (1.1)

and for any x ∈ IRn, the residual vector

r = r(x) := Ax − b . (1.2)

If (1.1) is inconsistent, we often settle for an approximate
solution minimizing a norm of the residual. Using the family
of ℓp-norms, 1 ≤ p ≤ ∞, defined for u = (uj) ∈ IRm by

‖u‖p :=





(
m∑

j=1

|uj |p

) 1

p

, 1 ≤ p < ∞ ,

max
1≤j≤m

|uj | , p = ∞ ,

(1.3)

a ℓp-approximate solution of (1.1) is a solution of the min-
imization problem

min {‖Ax − b‖p : x ∈ IRn } . (1.4)

In particular, the ℓ2-norm is the Euclidean norm

‖u‖2 :=

√√√√
m∑

j=1

u2
j , (1.5)

and the ℓ2-approximate solutions are the least squares so-
lutions.

For A of full column-rank, Berg [5] proved the least squares
solution is in

C := conv{ A−1
I∗ bI : I ∈ I } ,

the convex hull of basic solutions (0.5)1. Ben-Tal and Teboulle
[4] extended the results to isotone functions, of which ℓp-
norms can be considered a special case. A continuous function
f : IRm

+ → IR is called isotone if

f(x) ≤ f(y) , whenever 0 ≤ x ≤ y , (1.6)

and strictly isotone if in addition,

0 ≤ x ≤ y, f(x) = f(y) =⇒ x = y . (1.7)

For any 1 ≤ p ≤ ∞ [1 ≤ p < ∞], the lp-norm ‖x‖p is [strictly]
isotone function of the vector |x| of absolute values,

|x| = (|x1|, · · · , |xn|)
T . (1.8)

Lemma 1.1 ([4]) Let A ∈ IRm×n
n , b ∈ IRm and let f :

IRm
+ → IR be isotone. Then the problem

min
x

f(|Ax − b|) , (1.9)

has a solution in C. Moreover, if f is strictly isotone, then
every solution of (1.9) lies in C. 2

1This is important for establishing convergence of certain iter-

ative methods since the set C is compact.
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These results are extended here along the following lines:
• Geometrical properties of scaled ℓp-approximate solutions
are studied in Section 2 for A of full column-rank. We show
that for 1 < p < ∞, the set of scaled ℓp-approximate solutions
is the same as the set of scaled least squares solutions.
• In Section 3 we consider the problem

min
x

{f(|x|) : Ax = b} ,

where A is a matrix of full row-rank and f is isotone. We
show that there is a solution in C. Moreover, if f is strictly
isotone then every solution lies in C.
• In § 4 we consider the problem

min
x

{f2(|x|) : x ∈ arg min
x

f1(|Ax − b|)} , (1.10)

where A ∈ IRm×n
r . For f2 isotone and f1 strictly isotone, C

contains a solution of (1.10). If also f2 is strictly isotone, then
every solution of (1.10) lies in C.

2 A is of full column-rank

Throughout this section let A ∈ IRm×n
n and b ∈ IRm. The

convex hull of the basic solutions (0.5) is

C := conv{A−1
I∗ bI : I ∈ I} . (2.1)

For any 1 ≤ p ≤ ∞ and M ∈ Dm (see § 0.6), consider the
problem

min
x

‖M (Ax − b)‖p , (2.2)

whose solution is unique for 1 < p < ∞. The solutions are
called scaled ℓp-approximate solutions. For p = 2, D ∈
Dm, the scaled least squares solution of Ax = b is the
solution of

min
x

‖D
1

2 (Ax − b)‖2 , (2.3)

given by

x = (AT DA)−1AT Db , see e.g. [3] . (2.4)

Let the set of scaled ℓp-approximate solutions be

X {p} :=
⋃

M∈Dm

{
arg min

x

‖M (Ax − b)‖p

}
, (2.5)

and for p = 2, by (2.4),

X {2} = { (AT DA)−1AT Db : D ∈ Dm } . (2.6)

For 1 < p < ∞, each arg min in (2.5) is a singleton.

Theorem 2.1 Let A ∈ IRm×n
n , 1 < p < ∞. Then X {p} =

X {2}.

Proof. The result is trivially true if b ∈ R(A), the range of
A.
Let b 6∈ R(A). The function f(x) := ‖M (Ax − b)‖p

is convex and differentiable, and a point x∗ is the optimal
solution of (2.2) if and only if

∇f(x∗) = 0 .

X {p} ⊂ X {2}: Let x∗ be the solution of (2.2), and define

A := MA, b := M b, r(x∗) := Ax∗ − b . (2.7)

Then (see e.g. [8, Theorem 2.1])

∇f(x∗) = 0 ⇐⇒ A
T (

r(x∗) ◦ |r(x∗)|p−2
)

= 0 , (2.8)

Let the diagonal matrix M = diag (mj) be defined by

mj :=





|rj(x
∗)|p−2 , if rj(x

∗) 6= 0 ,

1 , otherwise .

Then (2.8) gives

A
T
M(Ax∗ − b) = 0.

Therefore

x∗ = (AT DA)−1AT Db ∈ X {2} , where D := MMM .

X {2} ⊂ X {p}: Let x∗ be any scaled least squares solution,
i.e. x∗ satisfies

AT D (Ax∗ − b) = 0, for some D ∈ Dm . (2.9)

Let r(x∗) = Ax∗−b , and define the matrix M = diag (mj)
by

mj :=





p√
dj

|rj(x
∗)|p−2 , if rj(x

∗) 6= 0 ,

1 , otherwise .

Then (2.9) gives

A
T (

r(x∗) ◦ |r(x∗)|p−2
)

= 0 , (2.10)

where

A := MA, b := M b, r(x∗) := Ax∗ − b .

By (2.8), x∗ is the solution of (2.2). 2

Remark 2.1 We prove now that X {2} ⊂ X {p} for p = 1 and
p = ∞ by immitating the proof of X {2} ⊂ X {p} in Theo-
rem 2.1. As there, let x∗ be any scaled least squares solution.

X {2} ⊂ X {1}: For p = 1, (2.10) becomes

A
T

(sgn r(x∗)) = 0,
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where sgn r(x∗) = (sgn ri(x
∗)) the signum vector. Using [8,

Theorem 2.1] we conclude that x∗ is a solution of (2.2) for
p = 1.

X {2} ⊂ X {∞}: Let p = ∞, and define the matrix M =
diag (mj) by

mj :=





m∑

i=1

di|ri(x
∗)|2

|rj(x
∗)|

, if rj(x
∗) 6= 0 ,

1 , otherwise .

Then

M−1D r(x∗) ∈

conv { (sgn rj(x
∗)) ej : |rj(x

∗)| = ‖r(x∗)‖∞ } ∩ N(A
T
) ,

where N(·) denotes null space. By [8, Theorem 2.1], x∗ is a
solution of (2.2) for p = ∞. 2

If the norm ‖ · ‖ is not isotone (isotone norms are also called
monotone), then the solutions of minx ‖Ax − b‖ may lie
outside C.

Example 2.1 Let

W =

(
1 −2

−2 5

)
.

Then the norm ‖x‖W := ‖W
1

2 x‖2 is not isotone. For

A =

(
1
1

)
and b =

(
−1

1

)
,

the basic solutions are

x1 = −1, x2 = 1,

and their convex hull is the interval

C = [−1, 1] .

Finally, the solution of min
x

‖Ax − b‖W is

x = (AT WA)−1AT Wb

= 2 6∈ C.

The following example shows that in general X {2} 6= X {∞} .

Example 2.2 (Based on [6, Example 5.2]). Let

A =




1 −1
0 1

−2 2
1 0


 , b =




4
0

−2
2


 .

The left plot of Figure 1 shows X {2}, which consists of the
interiors of the two shaded triangles and their common point
x = (2, 0). The ℓ∞-approximate solutions are on the line
segment X. Finally, the set X {∞} consists of all points
between the two lines L1, L2 (excluding L1, L2).

Ben-Tal and Teboulle proved X {2} ⊂ C . Recently Hanke
and Neumann [6] showed X {2} to be a union of finitely many
polytopes, in general not convex, and cℓX {2} ⊂ C , where cℓ
denotes closure. The results of [6] and Theorem 2.1 imply
that not all vectors in C are scaled ℓp-approximate solutions
for 1 < p < ∞. The next example shows not all vectors in C
are solutions of min

x

f(|Ax − b|) for some strictly isotone

function f .

Example 2.3 (Based on [6, Example 5.1]). Let

A =




2 −2
1 0
2 8
2 −6


 , b =




6
0
3
3


 .

The right plot of Figure 1 shows the convex hull C of basic
solutions (the triangle bounded by thick lines), and the set
cℓX {2} (the shaded region).

Consider the points x =

(
1
3
8

)
∈ C \ cℓX {2} and y =

(
2
3

0

)
∈ X {2} . Then

|Ax − b| =




19
4

1
2
13
4


 > |Ay − b| =




14
3
2
3
5
3
5
3


 ,

which implies

f(|Ax − b|) > f(|Ay − b|) ,

for any strictly isotone function f , showing that the point x
is not a solution of min

x

f(|Ax − b|) .

Let Fm be the set of all strictly isotone functions on IRm,
and let

X {F} :=
⋃

f∈Fm

{
x : x ∈ arg min

x

f(|Ax − b|)
}

. (2.11)

The question,

cℓX {2} ?
= cℓX {F} ,

suggested by Example 2.3, is answered in the affirmative, in
Theorem 2.4. First we need some other results.
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Figure 1: Illustration of Examples 2.2 and 2.3
.

Let S be a polytope in IRm,

S = { x =

k∑

i=1

λi x
i :

k∑

i=1

λi = 1, λi ≥ 0, i = 1, . . . , k } ,

(2.12)
such that 0 6∈ S. For any D ∈ Dm, denote

xD = arg min
x∈S

‖D x‖2 . (2.13)

We define

P = { xD : D ∈ Dm }, (2.14)

A = { x ∈ S : 6 ∃ y ∈ S such that |y| <6= |x| }. (2.15)

Lemma 2.1 Let x ∈ IRm. Then

x ∈ P ⇐⇒ Z p <6= 0, p ≥ 0 has no solution, (2.16)

where Z =
(
z1, z2, · · · , zk

)
is the matrix with columns

zi = x ◦ (xi − x), i = 1, . . . , k. (2.17)

Proof. x ∈ P ⇐⇒

⇐⇒ ∃ D ∈ Dm, <D (y − x), D x> ≥ 0, ∀ y ∈ S,

[1, p. 41],

⇐⇒ ∃ D ∈ Dm, xT D2 (y − x) ≥ 0, ∀ y ∈ S,

⇐⇒ ∃ D ∈ Dm, xT D2 (xi − x) ≥ 0, i = 1, . . . , k,

⇐⇒ ZT d ≥ 0, d > 0 has a solution.

By a theorem of alternatives [7, p. 29]

x ∈ P ⇐⇒ Z p <6= 0, p ≥ 0 has no solution. 2

Theorem 2.2 P ⊂ A.

Proof. For any x ∈ S \A, there is y ∈ S such that |y| <6= |x|.
Therefore

‖D y‖2 < ‖D x‖2 ,

for any D ∈ Dm, which implies x ∈ S \ P. 2

Theorem 2.3 A ⊂ cℓP.

Proof.
Case 1. x = (xi) ∈ A , xi 6= 0, i = 1, . . . , m .

We show that x ∈ P . If not, then by Lemma 2.1

Z p <6= 0, p ≥ 0, (2.18)

has a solution p. Let

y :=
k∑

i=1

λi x
i ∈ S,

with
λj :=

pj

k∑

i=1

pi

, j = 1, 2, . . . , k .

Then (2.18) gives

x ◦ (y − x) <6= 0. (2.19)

For sufficiently small λ > 0, the vector

z := λy + (1 − λ)x ∈ S.

Then it follows from (2.19) that

|z| <6= |x| , contradicting x ∈ A .

Case 2. x = (xi) ∈ A , Ic = {i : xi = 0} 6= ∅.

Without loss of generality let x =

(
xI

0

)
. We define

SI := { yI :

(
yI

0

)
∈ S }, (2.20)

AI := { xI ∈ SI : 6 ∃ yI ∈ SI such that |yI | <6= |xI | }.(2.21)

Then SI is a polytope and xI ∈ AI . By case 1, there is a
positive diagonal matrix DI such that

xI = arg min
yI∈SI

‖DI yI‖2 . (2.22)

Let Dn =

(
1
n
DI 0
0 I

)
∈ Dm , and let xn := xDn

. Then by

the definition (2.13)
∥∥∥∥
(

1
n
DI (xn)I

(xn)Ic

)∥∥∥∥
2

≤

∥∥∥∥
(

1
n
DI xI

0

)∥∥∥∥
2

. (2.23)

Since S is bounded, the sequence {xn} has a convergent sub-
sequence. Without loss of generality, let xn −→ x ∈ cℓP.
Then it follows from (2.23) that

xJc = 0,

and
‖DI xI‖2 ≤ ‖DI xI‖2 .

By the uniqueness of xI in (2.22), we have x = x ∈ cℓP. 2
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Theorem 2.4 cℓX {2} = cℓX {F} .

Proof. cℓX {2} ⊂ cℓX {F} is obviously true. We prove
cℓX {F} ⊂ cℓX {2} by showing

X {F} ⊂ cℓX {2}: Let S be the polytope defined by

S = { r(x) = Ax − b : x ∈ C }.

Define P, A as before, and let x 6∈ cℓX {2} . Then r(x) 6∈
cℓP . By Theorem 2.3, r(x) 6∈ A . Therefore there is y ∈ C
such that

|Ay − b| <6= |Ax − b|,

which implies

f(|Ay − b|) < f(|Ax − b|)

for any f ∈ Fm. Therefore x 6∈ X {F} , proving that X {F} ⊂
cℓX {2} . 2

Theorem 2.5 cℓX {1} = cℓX {2}.

Proof. Follows from Remark 2.1 and Theorem 2.4. 2

3 A is of full row-rank

Throughout this section let A ∈ IRm×n
m and b ∈ IRm. The

convex hull of the basic solutions (0.6) is

C := conv{Â−1
∗J b : J ∈ J } , (3.1)

where Â−1
∗J b has A−1

∗J b in position J , zeros elsewhere. For
any 1 ≤ p ≤ ∞ and N ∈ Dn , consider the problem

min
x

{ ‖N−1 x‖p : Ax = b } , (3.2)

and its solutions, called scaled minimum ℓp-norm solu-
tions, which are unique for 1 < p < ∞ .

If N = I, these solutions are simply called minimum ℓp-
norm solutions.

For p = 2 and any D ∈ Dn, the scaled minimum
ℓ2-norm solution of

min
x

{ ‖D− 1

2 x‖2 : Ax = b } , (3.3)

is easily computed (see, e.g. [3])

x = DAT (ADAT )−1b . (3.4)

Let the set of scaled minimum ℓp-norm solutions be

X{p} :=
⋃

N∈Dn

{
x : x ∈ arg min

x

{‖N−1 x‖p : Ax = b}
}

.

(3.5)
Then (3.4) gives

X{2} = { DAT (ADAT )−1b : D ∈ Dn }. (3.6)

Lemma 3.1 Let A ∈ IRm×n
m . Then X{2} ⊂ C.

Proof. Let x be the solution of (3.3), y := D− 1

2 x , B :=

AD
1

2 . Then y is the minimum ℓ2-norm solution of By = b ,
and by [2], a convex combination of basic solutions,

y =
∑

J∈J

γJ B̂−1
∗J b .

Therefore

x = D
1

2 y ,

=
∑

J∈J

γJ Â−1
∗J b ∈ C . 2

Theorem 3.1 Let A ∈ IRm×n
m , 1 < p < ∞ . Then X{p} =

X{2} .

Proof. A suitable Lagrangian function is

L(x, u) := ‖N−1x‖p
p − puT (Ax − b) ,

where u ∈ IRm is a Lagrange multiplier. By the Kuhn-Tucker
necessary and sufficient conditions, a solution x∗ = (x∗

j )
of Ax = b is the optimal solution of (3.2) if and only if
∇xL(x∗, u) = 0 for some u. Let x∗ be the solution of
(3.2). Then

∇xL(x∗, u) = 0 ⇐⇒ N−p(x∗◦|x∗|p−2)−AT u = 0 . (3.7)

Let the diagonal matrix D = diag (dj) be defined by

dj :=





n
p
j

|x∗
j |

p−2 , if x∗
j 6= 0 ,

1 , if x∗
j = 0 .

Then (3.7) gives
x∗ = DAT u . (3.8)

Substituting (3.8) into Ax = b gives

u = (ADAT )−1b .

Therefore

x∗ = DAT (ADAT )−1b ∈ X{2} . (3.9)

Conversely, let x∗ be any scaled minimum ℓ2-norm solution,
i.e.,

x∗ = DAT u , for some D ∈ Dn , (3.10)

where u = (ADAT )−1b . Let the diagonal matrix N =
diag (nj) be defined by

nj :=





p
√

dj |x∗
j |

p−2 , if x∗
j 6= 0 ,

1 , if x∗
j = 0 .

Then (3.10) gives

N−p(x∗ ◦ |x∗|p−2) − AT u = 0 ,

which, by (3.7), shows x∗ to be the solution of (3.2). 2
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Theorem 3.2 Let A ∈ IRm×n
m . Then there is a solution x∗

of
min
x

{ ‖x‖1 : Ax = b } (3.11)

which is a basic solution of Ax = b, i.e., x∗ = Â−1
∗J b for some

J ∈ J .

Proof. Let y be any solution of (3.11), and let c = sign (y) .
Consider the linear programming problem

(LP)

min cT x
s.t. Ax = b,

xi ≥ 0, if ci = 1,
xi = 0, if ci = 0,
xi ≤ 0, if ci = −1.

Clearly y is an optimal solution of (LP), and any solution of
(LP) is a solution of (3.11). By the theory of linear program-
ming, there is a solution of (LP) which is a basic solution of
Ax = b. 2

The following theorem is analogous to Lemma 1.1.

Theorem 3.3 Let A ∈ IRm×n
m and let f be isotone. Then

the problem
min
x

{ f(|x|) : Ax = b } , (3.12)

has a solution in C. If f is strictly isotone then every solution
of (3.12) lies in C.

Proof. Let x∗ = (x∗
i ) be any solution of (3.12), and define

three index sets for the signs of x∗
i ,

π = {i : x∗
i > 0} , ζ = {i : x∗

i = 0} , ν = {i : x∗
i < 0} .

Consider the polyhedral set

Y = {y : Ay = b, yπ ≥ 0, yζ = 0, yν ≤ 0} .

Since x∗ ∈ Y, there exist extreme points y(1), · · · , y(r) and
extreme directions d(1), · · · , d(t) of Y such that

x∗ =
r∑

i=1

λi y
(i) +

t∑

j=1

µj d(j) ,

where
r∑

i=1

λi = 1, λi ≥ 0, µj ≥ 0 .

Moreover, the extreme points of Y are given by y(i) = Â−1
∗J b

for some J ∈ J , and the extreme directions belong to the
cone

D = {d : Ad = 0, dπ ≥ 0, dζ = 0, dµ ≤ 0} .

Let
x∗ = s + d,

where

s =
r∑

i=1

λi y
(i), d =

t∑

j=1

µj d(j).

Then
|x∗| = |s| + |d|. (3.13)

and
f(|x∗|) ≥ f(|s|).

By the optimality of x∗,

f(|x∗|) = f(|s|), (3.14)

showing s ∈ C is a solution of (3.12).
Next, suppose that f is strictly isotone. Then (3.14) implies
|x∗| = |s| .

. .. d = 0 , by (3.13) . . .. x∗ = s ∈ C . 2

The following result, analogous to Theorems 2.4, 2.5, is stated
without proof.

Theorem 3.4 cℓX{1} = cℓX{2} = cℓX{F} , where

X{F} :=
⋃

f∈Fn

{
x : x ∈ arg min

x

{f(|x|) : Ax = b}
}

.

(3.15)

4 The general case

Throughout this section let A ∈ IRm×n
r and b ∈ IRm. The

basic solutions (0.7) are denoted

xIJ := ̂A−1
IJ bI , (I, J) ∈ N , (4.1)

and their convex hull

C := conv{xIJ : (I, J) ∈ N } . (4.2)

Let f1, f2 be isotone functions. Consider the problem,

min {f2(|x|) : x ∈ arg min
x

f1(|Ax − b|)} . (4.3)

For any full-rank factorization A = CR, clearly

I(A) = I(C) , J (A) = J (R) , (4.4)

and the above problem can be solved in stages:

min
y

f1(|C y − b|) , (4.5)

min
x

{f2(|x|) : Rx = y, y ∈ arg min
y

f1(|Cy − b|)} . (4.6)

Combining Lemma 1.1 and Theorem 3.3 we have
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Theorem 4.1 Let f2 be isotone, and let f1 be strictly iso-
tone. Then there is a solution of (4.3) which is in C. If in
addition f2 is strictly isotone, every solution of (4.3) lies in C.

Proof. Let A = CR be any full-rank factorization of A. Then
AIJ = CI∗R∗J . By Lemma 1.1 every solution y of (4.5) is a
convex combination

y =
∑

I∈I

µI C−1
I∗ bI . (4.7)

It follows from Theorem 3.3 that a solution of (4.6) is a convex
combination

x =
∑

J∈J

νJ R̂−1
∗J y ,

=
∑

J∈J

νJ

∑

I∈I

µI
̂R−1

∗J C−1
I∗ bI , by (4.7) ,

=
∑

(I,J)∈N

λIJ xIJ , (4.8)

where

λIJ := µI νJ , (I, J) ∈ N , (4.9)

are also convex weights. The second part follows by applying
the second part of Theorem 3.3. 2

An immediate corollary of Theorem 4.1 is

Corollary 4.1 Let 1 ≤ p1 < ∞ . Then the problem

min {‖x‖p2
: x ∈ arg min

x

‖Ax − b‖p1
} , (4.10)

has a solution in C. Moreover, if 1 ≤ p2 < ∞ then every
solution of (4.10) lies in C. 2

The next example shows that Corollary 4.1 does not hold for
p1 = ∞ .

Example 4.1 Let A =

(
1
0

)
, b =

(
1
1

)
. Then the

solution set of

min
x

‖Ax − b‖∞ (4.11)

is 0 ≤ x ≤ 2. For all p, the minimum ℓp-norm best ℓ∞-
approximate solution is x = 0, and does not belong to C,
which here is the singleton {1}.
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