Lecture 3: Extremal Solutions
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Least squares solutions

Let Ae C™*"™ b e C™, and let || - | denote the Euclidean norm.
Consider the equations

Ax=Db (1)
A least—squares solution (LSS) of (1) is any x in

arg min |[Ax — b|| .




Least squares solutions

Let Ae C™*"™ b e C™, and let || - | denote the Euclidean norm.
Consider the equations

Ax=Db (1)
A least—squares solution (LSS) of (1) is any x in
arg min |[Ax — b|| .

Writing
b:PR(A)b—I—PN(A*)b
It follows that

min [[Ax — bl| = min [[Ax — Pra) b — Py(a-) bl| = [|Pn(a-) b]

and the LSS’s are the ordinary solutions of

Ax = PR(A)b




Normal equations
The LSS’s of Ax=Db

are the solutions of the normal equation
A*Ax =A"Db.
Proof. V||Ax —b||* =2A*(Ax—b)=0.

Let A; € C™*" b; € C™, (i € 1,k). The minimizers of

k
>l Aix — by
1=1

are the solutions of

k k
(Z A;fAZ-> X = ZA,j.‘bz- .
1=1 1=1




{1,3}—-inverses and least squares solutions

Ax=Db (1)

Theorem. Let A € C™*™ | b € C™. Then ||Ax — b|| is smallest
when x = A3b, where A3 ¢ A{1,3}.

Conversely, if X € C"*™ has the property that, for all b, ||Ax — b||
is smallest when x = Xb, then X € A{1, 3}.




{1,3}—-inverses and least squares solutions

Ax=Db (1)

Theorem. Let A € C™*™ | b € C™. Then ||Ax — b|| is smallest
when x = A3b, where A3 ¢ A{1,3}.

Conversely, if X € C"*™ has the property that, for all b, ||Ax — b||
is smallest when x = Xb, then X € A{1, 3}.

Proof. From

arg min ||Ax — b|| = {x: Ax = Pra)b}

AX = Pray &= X € A{1,3}




{1,3}—-inverses and least squares solutions

Ax=Db (1)

Theorem. Let A € C™*™ | b € C™. Then ||Ax — b|| is smallest
when x = A3b, where A3 ¢ A{1,3}.

Conversely, if X € C"*™ has the property that, for all b, ||Ax — b||
is smallest when x = Xb, then X € A{1, 3}.

Proof. From

arg min ||Ax — b|| = {x: Ax = Pra)b}

AX = Pray &= X € A{1,3}

X € A{1,3} <= Vb e C™ Xbisa LSS of (1).




{1,4}—-inverses and minimum norm solutions

Ax=b, be R(A). (1)
The minimum norm solution (MNS) of (1) is
arg min {||x|| : Ax = b}, the unique solution in R(A™) .

Theorem. Let A € C"*", b € C™. If Ax = b has a solution for x,

the minimum norm solution is
x = Al4p :

where A4 € A{1,4}. Conversely, if X € C**™ is such that,
whenever Ax = b has a solution, x = Xb is the MNS, then
X € A{1,4}.




{1,4}—-inverses and minimum norm solutions

Ax=b, be R(A). (1)
The minimum norm solution (MNS) of (1) is
arg min {||x|| : Ax = b}, the unique solution in R(A™) .

Theorem. Let A € C"*", b € C™. If Ax = b has a solution for x,

the minimum norm solution is
x = Al4p :

where A4 € A{1,4}. Conversely, if X € C**™ is such that,
whenever Ax = b has a solution, x = Xb is the MNS, then
X € A{1,4}.

X € A{1,4} <= for any b € R(A), Xb is the MNS of (1).




Minimum norm least squares solutions (MNLSS)

Ax=b. (1)

Corollary (Penrose). Let A € C™*" b € C™. Then A'b is the
MNLSS of (1). Conversely, if X € C™*™ has the property that, for
all b, Xb is the MNLSS of (1), then X = AT.

Proof. The LSS’s of (1) are the solutions of
Ax = AAD
Therefore the MNLSS of Ax = b is the MNS of (2),

x = ALY AAG3)p
— A'b




Minimum norm least squares solutions (MNLSS)

Ax=Db. (1)

Corollary (Penrose). Let A € C™*" b € C™. Then A'b is the
MNLSS of (1). Conversely, if X € C™*™ has the property that, for
all b, Xb is the MNLSS of (1), then X = AT.

Proof. The LSS’s of (1) are the solutions of
Ax = AAD
Therefore the MNLSS of Ax = b is the MNS of (2),

x = ALY AAG3)p
— A'b

X = A" <= for any b € C™, Xb is the MNLSS of (1).




An approximation of the MNLSS

The MNLSS of Ax = b can be computed in 2 stages
Stage 1: Minimize ||Ax — b||,
Stage 2: Minimize ||x|| among all solutions of Stage 1 .

That can be combined,

min fox(x) , where fo2(x) = [Ax = b|? + a?|x*  (2)
xe(Cn

Let x,2 be the minimizer of f,2.
Questions:

(a) Does x,2 — ATb as a— 07

(b) What is the error of approximation ||x,2 — AT b||?

Before answering these questions, a detour.




A limit for Al

Theorem (den Broeder and Charnes). For any A € C"™*", as

A — 0 (in C), the following limit exists and

lim (A" A + A)TAY = AT (1)

Proof. We must show that

lim (A" A + M) 1A'y =Aly  VyeC™. (2)

True for y € N(A*) = N(AT). Therefore, let y € N(A*)+ = R(A),
i.e., y = Ax for unique x € R(A*). We must prove V x € R(A*)

lim (A" A + M)71A*Ax = AT Ax

or equivalently, since ATA = P4+,

. * —1 g% o




Proof (cont’d)

To prove: }\ir%(A*A + A,) " TAYA = Prias - (3)

Let A*A = FF*, F € C'*" be a full-rank factorization. Then
(A*A+\I,) tA*A = (FF* + \I,,) ' FF*
for any A for which the inverses exist. Now use the identity

(FF* + \,,) 'FF* = F(F*F + \I,) ' F*

h
wiere ;\IH%)(F*F‘i_ >\Ifr)_1 — (F*F)—l

since F'*F'is nonsingular. Collecting these facts we conclude that

iin%)(A*A + M) tA*A = F(F*F) 'F*

= FF" = Ppia

since the columns of F' are a basis for R(A*A) = R(A™).




Alternative proof

It suffices to prove

;ir%(A*A + A TA*Ax = x , V x € R(A*) (1)

Let {v1,...,Vv,} be eigenvectors of A*A, with positive eigenvalues,

A*Av; = O'?Vj , (0;>0,j5€l,r). (2)

that form a basis for R(A*). Writing x € R(A*) as

r
X = Z ijj ,
71=1

it follows that

r




Consistent norms

A vector norm || || and a matrix norm || || are called consistent if
A < [[Aflf}x][, ¥ A, x (1)

Given a vector norm || ||«, the corresponding matrix norm is

1 Ax]]
IA]l« = sup

x£0 %]l

(2)

a multiplicative matrix norm consistent with [|x||., and for any

other matrix norm || || consistent with [|x]|.,
LAl > 1Al for all A (1)

The matrix norm corresponding to the Euclidean norm |[|x||5 is the

spectral norm

|A|l2 = max{VX: X\ an eigenvalue of A*A}




An error bound for }\iI%(A*A + A LA* = AT

Theorem (Boyarintsev).
AT — (A"A+ AN T AT2 < AJATIS

where || - ||2 is the spectral norm.

Proof.
AT — (A*A+ MDA = (A*A 4+ M) (A A+ A AT — A™)
= AN(A*A+N)TTAT ) o AT = ATAAT
= AN(A*A+ M) LA AATATFAT
AT = ATAAT = A*ATFAT = A*AATAT*AT

If A\>0 then ||[(A*A+ X)"tA*A||; <1, and therefore

|AT — (A"A+ A TH ATz < A ATATAT||5 < A[JAT|I3




A limit for the MNLSS
The MNLSS of Ax = b can be computed in 2 stages
Stage 1: Minimize ||Ax — b|| ,
Stage 2: Minimize ||x|| among all solutions of Stage 1 .

That can be combined,

min fo2(x) , where fox(x) = [ Ax = b|? + a?[x|*  (2)
xe(Cm

Let x,2 be the minimizer of f,2. Then

x,2 — A'b as a—0.

Theorem. The function f,2(x) has a unique minimizer x,2 given

by

Xp2 = (A*A +a2I)"1A*b (2)

whose norm ||x,z|| is a monotone decreasing function of o




Proof

The normal equation of

|Ax = b||* + a*|x||*

(A*A+a*I)x = A*b

with solution

Xp2 = (A*A + a?I) ' A*b
= (A*A + o2I) 1 A" Av

where

b=Av+u, veR(A"), ueN(4).

Let {v1,...,Vv,} be an o.n. basis of R(A*),

A*AVJ' — O'?-Vj (O'j > O, ] < W) .

eigenvectors of A* A corresponding to nonzero eigenvalues.




Proof (cont’d)

Write v € R(A*) as

a monotone decreasing function of o?.




The Frobenius norm

In the space C"™*" define inner product of X = (z;;),Y

m

(X, Y)p = Z Z T;iYi; = traceY "X
i=1 j=1

and the associated Frobenius norm

m

I1X|r= (X, X)2= Z 2] = (traceX™ X )1/

=1 j7=1

The Frobenius norm of X is the Euclidean norm of vec X.

The Frobenius norm is unitarily invariant

| UAV || = ||Al|r , for any unitary matrices U, V'




Matrix equations

For any A, B € C™*" define:

range of (A, B): R(A,B):={Y =AXBeCm™*": X e C"*™},
null space of (A,B): N(A,B)={X e C""™: AXB = O}.
Let C™*™ have the inner product (X,Y)r = traceY*X. Then

1
C™*" — R(A,B) ® N(A*,B*), ¥V A, B € C"™*"




Matrix equations

For any A, B € C™*" define:

range of (A, B): R(A,B):={Y =AXBeCm™*": X e C"*™},
null space of (A,B): N(A,B)={X e C""™: AXB = O}.
Let C™*™ have the inner product (X,Y)r = traceY*X. Then

1
C™*" — R(A,B) ® N(A*,B*), ¥V A, B € C"™*"

Let A € C™*" and let X be a {1}-inverse of A. Then the following

are equivalent:
(a) X = AT,
(b) X € R(A*, A*),

(¢) X is the minimum-norm solution of AXA = A.

17-a



Weighted inner products and norms

The (Q—inner product in C" induced by a PD matrix () € C"*" is

(x,¥)q = (x,Qy)

and the corresponding ()—norm

1/2
Ixlq == (x,x)g

The transformation
X :=QY%x
brings back the standard inner product and Euclidean norm
(x,¥)q = (x,Qy) = (Q"*x,Q"?y) = (X,3)
Ixllq = [1x]




Weighted least squares

Let W, () be PD matrices, and consider the equation
Ax=Db
A weighted LSS of (1) is a minimizer of
| Ax — b|% = (Ax — b)*W(Ax — b) |

and a weighted MNS of (1), if consistent, is the solution x

minimizing [|x||g = (x*Qx)1/2.
The change of basis,
X:=QYx, A:==WY2AQ"Y? b:=WY%b

gives back

[Ax = bllw = [[Ax = bl , [x|q = [X]




The transformation

X:=QYVx, A:==WYV2AQ ' b:=W"b

results in the correspondence
|Ax —b|w = (Ax —b)*W(Ax —b)}/2 = ||[AX - b)|

Ixlle = (x*@x)"? = ||X|

~

X — Q1/2XW—1/2

. X e A{1} < X € A{1},
X € A{2} < X € A{2},
X € A{3} —= WAX = (WAX)*,
X € A{4} = QXA=(QXA)".

Proof of (a): AXA=WUY2AXAQ /2 =A=WY24Q /2




Inverses for weighted LSS’s and MNS’s

Theorem. Let A € C"*" b € C™, and let W € C™*™ be PD.
Then ||Ax — b||y is smallest when x = X b, where X satisfies

AXA=A, (1)
(WAX)* = WAX . (3.W)

Conversely, if X € C"*™ has the property that, for all b,
| Ax — bl|w is smallest when x = X b, then X satisfies (1)—(3.WW).

Theorem. Let () € C"*™ be PD. If Ax = b has a solution for x,

the unique solution minimizing ||x||g is x = Xb , where X satisfies

AXA=A . (1)
(RQXA) =QXA. (4.Q)

Conversely, if X € C"*"™ is such that, whenever b € R(A), x = Xb
is the minimizing ||x||g, then X satisfies (1)-(4.Q).




AE;’/%) and weighted MINLSS’s

Let Ac C™*™, be C™, and let W € C™*™ (Q € C"*"™ be PD.

Then, there is a unique matrix

X = Aty € A{1,2}

satistying (WAX)* = WAX , (QXA)* = QXA .

Moreover, ||Ax — b||y is minimized for x = Xb, and among such

vectors, x = Xb is the one for which ||x||¢ is minimum.




AE;’/%) and weighted MINLSS’s

Let Ac C™*™, be C™, and let W € C™*™ (Q € C"*"™ be PD.

Then, there is a unique matrix

X = Aty € A{1,2}

satistying (WAX)* = WAX , (QXA)* = QXA .

Moreover, ||Ax — b||y is minimized for x = Xb, and among such

vectors, x = Xb is the one for which ||x||¢ is minimum.

Conversely, if X € C"*™ has the property that, for all b, x = Xb

is the vector of C™ for which ||x||¢ is smallest among those for

which ||Ax — bl|y assumes its minimum value, then X = Agxl/"fé?) .

22-a



AE;’/%) and weighted MINLSS’s

Let Ac C™*™, be C™, and let W € C™*™ (Q € C"*"™ be PD.

Then, there is a unique matrix

X = Aty € A{1,2}

satistying (WAX)* = WAX , (QXA)* = QXA .

Moreover, ||Ax — b||y is minimized for x = Xb, and among such

vectors, x = Xb is the one for which ||x||¢ is minimum.

Conversely, if X € C"*™ has the property that, for all b, x = Xb

is the vector of C™ for which ||x||¢ is smallest among those for

which ||[Ax — b||y assumes its minimum value, then X = Agxl/"fé?) :

_ _ (1,2) _
EXW_MM}Jm@m@_N

22-b



Application of the Bott—Duffin inverse

A resistance network satisfies Ohm’s law,
Ax+y=Av+w, xc RWM"), y € N(M) (1)
and the Kelvin minimum principle: The rate of energy loss
1(x) = L (x — V) Alx - v) — w'x (2)
is minimized.

Theorem (Bott and Duffin). Let A € C"*" be Hermitian, L a

subspace of C" and Agz)l) exists. Then for any v,w € C", the

quadratic function (2) has a unique stationary value in L, when

~1
X:AEL))(AV—I—W). (3)

Conversely, if A and L are such that for any v,w € C", the
quadratic function (2) has a stationary value in L, then Agz)l) exists

and the stationary point is unique for any v, w and given by (3).




Resistances in parallel




Resistances in parallel

Given I, Ry, Ry, the currents I, I> solve:

min {I;R + GRy: [, + [, =1} =1°R

1 R1 R

R: p—
1/Ri+1/Ry Ry + Ry

' [ZWRy=1sRs = IR .

24-a



Parallel sums (the work of Anderson & Duffin)
Let A, B be PSD. Their parallel sum is
A:B:=A(A+ B)'B (1)
= (A~ + B Y~ | if A, B are invertible. (2)
Theorem (Duffin, Anderson, Morley). If A, B,C, D are PSD,
then:
(a) A: B is PSD
(b) A:B=B:A
(c) A:B < A
(c)

c) for all z,

(z, A: Bz) = inf {(x, Ax) + (y,By) : x+y =12} .
X,y

(d) (A+B):(C+D) > A:C +B:D




What can you do with generalized inverses, that

you could not do without?

Theorem (von Neumann). If Py, Py, are the orthogonal
projectors on the subspaces L, M, then

PLﬂM — lim (PLPM)n .

n—oo




What can you do with generalized inverses, that
you could not do without?

Theorem (von Neumann). If Py, Py, are the orthogonal

projectors on the subspaces L, M, then

PLﬂM = nh—{go (PLPM)n .
Theorem (Anderson and Duffin).
Pron =2 Pp(Pp + Pa)' Py

Proof. Let H = QPL(PL —I—PM)TPM = QPM(PL —I—PM)TPL .

. H = PpearH = Proas (Pp(Pr + Par) Pas + Par (P + Pay)T Py )
= Pron(Pr + Pa)T(Pr + Puy)

= PramPrywm
= Pram - L]

26-a





