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APPLICATIONS OF THE DRAZIN INVERSE TO LINEAR SYSTEMS
OF DIFFERENTIAL EQUATIONS WITH SINGULAR CONSTANT
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Abstract. Let A, B be n n matrices, f a vector-valued function. A and B may both be singular.
The differential equation Ax’ + Bx f is studied utilizing the theory of the Drazin inverse. A closed
form for all solutions of the differential equation is given when the equation has unique solutions for
consistent initial conditions.

1. Introduction. If a differential equation has at least one solution for a
particular initial condition, we shall call the initial condition consistent. In this
paper, we give closed form solutions for linear systems of differential equations
with constant coefficients in the case when consistent initial conditions determine
unique solutions. We also give, in this case, necessary and sufficient conditions
for an initial condition to be consistent. We treat the linear system as a differential
equation with matrix coefficients. The coefficients may be singular. Closed form
solutions for such equations have not previously appeared in the literature.
Throughout this paper we make extensive use of the Drazin inverse of a square
matrix.
Up to now most applications of generalized inverses have involved solving,
in some sense, a linear system of algebraic equations. Accordingly, most research
on generalized inverses has concentrated on those inverses which are "equation
solving" or (1)-inverses. The Drazin inverse of a square matrix is not such an
inverse. It is our hope that besides being useful in themselves, our results will
encourage others to further develop the incomplete theory of the Drazin inverse.
In particular, practical numerical techniques for computing the Drazin inverse
are needed.

2. Preliminaries.
DEFINITION 1. If A is an n n matrix of complex numbers, then the index of A,
denoted by Ind (A), is the smallest nonnegative integer k such that
rank (A k)

rank (A k+ 1).

DEFINITION 2. If A is an n n matrix of complex numbers, then the Drazin
inverse of A, denoted by A D, is the unique solution of the three equations

XA,
XAX X,
XA k +
A k, where k Ind (A).
A >= Ind (A).
Equation (3) may be replaced by XA +
The Drazin inverse of a square matrix always exists and is unique. The Drazin
inverse was introduced in [3] and studied in [1, pp. 169-180], [5] and [8]. The
AX

(1)
(2)
(3)

,
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Drazin inverse is preserved by similarity. That is, if P is nonsingular, then
(P- XAP) P- 1AP. Thus if A is singular and is written as A P- loIAP, where
oCA is the Jordan form for A written as

with c nonsingular and V" nilpotent, then

Po
DEFINITION 3. If A and X are n x n matrices of complex numbers such that

AXA

A,

then X is said to be a (1)-inverse for A. If both of the equations

AXA

A and XAX

A

hold, then X is said to be a (1, 2)-inverse for A.
Given a square matrix A of index k, there exist unique matrices C and N such
that A C + N, CN NC O, N is nilpotent of index k, and Ind (C) 0 or 1.
We shall always use C,N in this context and will refer to A C + N as the coreC Of course, N 0 or C 0 is
nilpotent decomposition of A. Note that A
possible. N is given by A(I- AA) and C by AZA While A need not be a
(1)-inverse of A, C is a (1,2)-inverse of C.
If Ind (A)= 1, then A is a (1)-inverse for A and is sometimes called the
group inverse of A. This special case of the Drazin inverse has recently proved
useful in the study of Markov chains [9].
BA, AB BA D, and AB BA
We note that if AB BA, then AB
The range of A is denoted by (A), the nullspace by 4/’(A). I always denotes
I.
an identity matrix. Throughout, we adopt the convention 0
We will be using the Drazin inverse to solve linear systems of differential
equations. The letters A, B, and G will denote constant n n matrices, while
q and b will denote constant vectors. The letters x, y and f will denote vectors
whose entries are differential functions of the variable t.
We shall initially examine a special case. Then the case when the coefficients
commute will be studied. The general case will be reduced to the case when the

..

.

coefficients commute.

3. The equation x’

+ Ax ---f. The general solution of
x’ + Ax

(El)

f

is found, as in the scalar case, to be
X--

-At

eAy(t)

dr).
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Thus it is helpful to have a closed form for e at dt. If A is invertible, then
At

A-1 eat + G,

dt

where G is an arbitrary n n matrix. If A is singular, then the problem becomes
somewhat messier.
THEOREM 1. If A has index k, then
eat dt

(4)

Proof

fore At.

A ea’

+ (I

AA)t I +

t + -.

2

+

+

k

’tk-

+ G.

Differentiate the right-hand side of (4), and use the series expansion

[-]

It is well known that if f is a constant vector, then (El) has a particular solution which is a polynomial in t. Using Theorem and the power series expansion
of e -at, we get an explicit form for a polynomial solution of (El) when f is the
constant b. The solution is

x

{A

+(I-AA)t

At

I-. +

A 2t2

(--1)k-1

3!

A k- it kk!

b

as can be verified directly.

4. The equation Ax’ + Bx
study of

=f when AB = BA.

This section will begin the

Ax’ + Bx f.
(E2)
If A is nonsingular, then (E2) may be written in the form (El). We shall allow both
A and B to be singular. Methods of solving (E2) are known. See, for example,
Gantmacher [4, pp. 24-49]. However, our development leads to closed forms and
avoids the use of elementary divisors or the canonical form for a pencil. We also
avoid the introduction of solutions for auxiliary equations which are not solutions
of the original equation as often happens when the inverses other than the Drazin
inverse are used.
Associated with (E2) is the homogeneous equation

(E3)

Ax’

+ Bx

O.

We shall assume in this section that A and B commute. In 5 we shall show
that if consistent initial conditions uniquely determine solutions, then (E2) can
be reduced to the case when A and B commute.
Let xx AOAx and x2 (I AA)x. Then (E2) becomes
(C + N)(x’ + x’2) + B(xx + x2)- f.
Multiplying first by CC and then by (1 CC), we get that (E3) is equivalent
to

(5)

Cx’ + Bx

fx,

Nx’2 + Bx2

f2,

and

(6)
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where fl

CCf and f2

CC)f. Equation (5) can be rewritten as
+ CBx

(I

(7)

x

which is in the form of (E 1). Hence (7) has a unique solution for all initial conditions
in (AA). Equation (6), however, may or may not have nontrivial solutions.
The solutions, if they exist, need not be determined uniquely by initial conditions.
Before giving an example we shall draw certain conclusions from (7).
THEOREM 2. Suppose that A and B commute. Then y e-amAADq is a
solution of Ax’ + Bx O for every column vector q.
Proof Let y e-ABtAAq. Then

AAOBe- AOItA Aq

A y’

--Be-AmADAq

-By

as desired.

COROLLARY 1. If A and B commute and AAf f, then y e-aBt y eamf (t) dt
of Ax’ + Bx f.
In passing, we point out that in Theorem 2 and Corollary 1, the hypothesis
that A and B commute can be replaced by the weaker hypothesis that AA and
B commute. Details are left to the interested reader.
Now let us consider a special case of (E3). Since it is usually the nilpotent parts
that cause the difficulties, we shall take A,B both nilpotent.
Example 1. Let
is a particular solution

0

0

0

A= 0 0 0

and B= 0 0 0

0 0 0

0 0 0

so that (E3)is

0

0

Fx’l
/

/

o o
o o o L ;j

x

0

0

o o o
0 0 0

3

0

xz

or
+ x2 + x3 0. In this case we see that xl, x3 are arbitrary even if initial
conditions are imposed. Note that AB BA.
The next lemma will be basic in what follows.
LEMMA 1. Suppose that AB BA and dV(A) [’) (B) {0}. Then

(8)

(I- AA)BB= (I- AA).

Proof Suppose that AB

where J is invertible and/k

BA and U(A) f) V(B)

0. Let

B=T
3

B4

T -1

{0}. Write A as
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If AB

BA, then
(9)
B1J J.BI, NB4 B4N, JBz B.. and /B3 BaJ.
But if (9) holds, then JkB 2 B./k 0. Thus Bz 0 since J is invertible. Similarly
B3 0. Hence
BB

T

T-

BB

AA )= T

and (I

0

T-

.

It remains to show that B is invertible for then (8) follows. If 0, the assumption
0, suppose
(A) (B) {0} implies (B) {0}, and we are done. If
there exists a v 0 such that v e (B). Then
NPv e (B) for all integers p
since

0

NB BN. Since N is nilpotent, there exists a nonnegative integer

such

that

lv

0 but

l+

0.

v

This implies that

0

: lv e U(B) f’l

and hence (A)fq (B)# {0}, which is a contradiction. Thus /I(B)= {0}
so that B4 is invertible.
Part of the difficulty in Example is that the nullspaces of A and B have
nontrivial intersection. If the nullspaces have only a trivial intersection, then we
can get a closed form for the general solution of (E3).
THEOREM 3. Suppose that A and B commute and ,4r(A) f’) (B) {0}. Then

(10)
is the

e-aDmAAq,

x

general solution of Ax’

+ Bx

q

O.

Proof That e-ABtAAq is a solution for every q follows from Theorem 2.
To prove that (10) is the general solution, we need to show that for each solution
x, there exists a vector q such that (10) holds. If x is a solution, then (6) and (7)
hold for f 0. Since t/(A) f’l f(B) {0}, we have that B is one-to-one on the
range of N by Lemma 1. Let k Ind (A). Then
0

Thus N k-

x

Nkx’2 d- BNk- 1x 2

BN k- 1x 2.

O. Differentiating gives

2

0

N k- x’2

BN k- 2x 2.

Continuing in this manner, we get that Bx 2 O, Nx 2
Hence x2 0 and x x. From (7) we obtain that

x

e-Cntq

e-amq

0, and (I

for some q.

Thus
x

x

AAx e-amAAq

for some q.

AA)x2

x2
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Note that in Example 1, e-AntAA is identically zero but the equation has
nontrivial solutions.
The derivation of (10) uses most of the properties of the Drazin inverse. A
different inverse cannot usually be used in its place.
Example 2. Consider the system Ax’ + Bx 0, where

Since A
0 and Y(A) f) /(B)
has only the trivial solution. Let

0, we know from Theorem 3 that the equation

Then E is a (1,2)-inverse for A. But e-entEAq e-EEAq is not identically zero
for all q, so it is not a solution to Ax’ + Bx O.
We now give a particular solution of (E2) when A,B commute and

W(A) f] W(B)= {0}.
As usual, fo,)

d"f/dt".

THEOREM 4. Suppose that AB BA and ’(A) fq /’(B) {0}. Let k
Iff is a k-times continuously differentiable vector-valued function, then

Ax’ + Bx

(E2)

is consistent and a particular solution is given

f
by
k-1

(11)

x

A e- AOSt

eA’Sf(s) ds + (I

(- 1)"(ABD)"BDf

AA )
n=O

where a is arbitrary.

Proof. Suppose that AB
X

BA and o/V(A) f’) V(B)

AD e- ADBt

and

fl eABSf

{0}. Let

(s) ds

k-1

x2

(I- AA D)

(-1)"(ABD)"B’f ").
n=0

We shall show that

(12)

Ax’x + Bxx (AAD)f

and

(3)
so that x

Ind(A).

(I- AAD)f,
xl + X 2 is a solution of (E2). We first verify (12):
Ax’ A{- ADBxl + A e -AB’ eADntf(t)}

Ax’2 + Bx2

_AAOBxi + AADf
-Bxi + AADf

,
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as desired. Now
k-1

Ax’2

AA)

A(I

(_ 1)n(ABn)nBnfn +)
n=O

k-1

(- 1)"(ABV)" + aft, +,)

AA v)

(I

n’0

k-2

(- 1)n(AB)" + ftn +,)

AA )

(I

n--0

k--1

--(I

AA v)

(- 1)n(AB)nf (n)
n=l
k-1

AAD)B

(I

(- 1)"(ABV)"Bf

(by Lemma 1)

n=l

-(I- AAO)B(x2 Bf)
-(I AAD)Bx2 + (I AAD)f
Bx 2 + (I AAD) f
as desired. Thus (1 3) holds.

Combining Theorems 3 and 4 we get
THEOREM 5. Suppose that AB- BA and (A)71 t/’(B)=
general solution of Ax’ + Bx f is given by
x

e -AOBtADAQ

(14)

+ AD e -ADBt

{0}.

Then the

eA’Bf(s) ds

k-1

+ (I

AA )

Z (-1)n(AB)nBf (n),

n=O

where q is an arbitrary constant vector, k Ind (A), and a is arbitrary.
As an immediate corollary of Theorem 5 we get a characterization of consistent initial conditions when AB BA, V’(A) f’) .4/’(B) {0}.
COROLLARY 2. Suppose that AB BA and V’(A) f’) U(B) {0}. Then there
exists a solution to Ax’ + Bx f, x(O)
Xo, if and only if xo is of the form
k-1

Xo

AOAq + (I- AA )

(-1)"(ABO)"BOft")(O)
n=0

for some vector q. Furthermore, the solution is unique.
In particular, iffis identically zero, then AAxo Xo characterizes consistent
initial conditions. Of course, Corollary 2 can be used for initial conditions at
nonzero values of by performing a change of variables. Note that if B is invertible
in (E2), then Theorem 5 may be applied to B-Ax’ + x B-f, and the techniques of the next section are not needed.

5. The equation Ax’+ Bx----f. In this section we will establish necessary
and sufficient conditions for uniqueness of solutions. Then we will use Theorem
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5 to provide the general solution when the equation has unique solutions. The
next lemma will be fundamental in what follows.
LEMMA 2. Suppose that c is such that (cA + B) is invertible. Then (cA + B)- A
and (cA + B)-tB commute.
Proof. Suppose there exists a number c such that cA + B is invertible. Then
c[(cA + B)-tA] / [(cA / B)-tB]-= I. V1
THEOREM 6. The equation Ax’ + Bx 0 has unique solutions for consistent
initial conditions if and only if there exists a number c such that (cA + B) is invertible.

Proof. Suppose that (cA + B)is

invertible. Then V’(A)VI V’(B)=

{0}.

But

’(A)

ff((cA + B)-tA) and ((cA + B)-tB)= C(B).

Thus

(cA + B)-tAx’ + (cA + B)-tBx 0
has unique solutions by Theorem 3. But (15) is clearly equivalent to (E3).
Conversely, suppose (cA + B) is not invertible for every number c. Then
for every c there exists a nonzero vector bc such that (cA + B)bc 0. But then
x etb is a solution of (E3) for
e’Bck
Bxc.
Ax’ ce’CAdpc

(1)

Since no more than n of the b can be linearly independent, take a finite subset
{4,}i t, c O, which is linearly dependent. If

o,

E

i=1

let
tci

i=l

Then x and 0 both satisfy Ax’ + Bx 0, x(0) 0. But x is not identically zero.
Hence the equation At’ + Bx 0 does not have unique solutions for consistent
initial conditions.
It is important to note that if A, B are n n matrices, then det (2A + B)
is a polynomial of degree at most n. Thus either (cA + B) is invertible for all but a
finite number of c or (cA + B) is never invertible. To find a c such that (cA + B)
is invertible, one must find a number which is not the root of a certain polynomial.
That is a problem which most will agree is considerably simpler than finding a
root.

In order to simplify the formulas in the rest of this section, we need to introduce
the following notation. Let

/]c=(cA+B)-tA, c=(cA + B)-tB, fc=(cA + B)-f,
where A, B are n n matrices, f is a vector-valued function and c is such that
(cA + B) is invertible. If Jc,/]c, fc are used in a formula which is independent
(16)

of the choice of c, we shall omit the subscript.
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Using Theorems 3, 4, 5, 6 and Lemma 2, we now get our strongest results.
THEOREM 7. Suppose that Ax’ + Bx 0 has unique solutions for consistent
initial conditions. Let c be a number such that (cA + B) is invertible. Define l, f
by (16). Let k Ind (). Then Ax’ + Bx f, x(O) x o has a solution if and only
if Xo is of the form

,

k-1

(1 7)

fifi, Oq -4- (I

Xo

n=O

for some vector q. A particular solution of Ax’ + Bx
(18)

X

D e-Aoat

eatSf (s) ds + (I

f is

k-1

ft,21 D)

(- 1)"[
n=O

where a is arbitrary. The general solution of Ax’

e-’.q + i

x

(19)

+ (I -/)

-

e -2

+ Bx f .is

esf(s) ds

(- 1)’[/]"lf (,

qe

The solution satisfying x(O) xo is found by setting q xo and a 0 in (19).
Note that we get that (E3) has unique solutions for consistent initial conditions if and only if it has unique analytic solutions for consistent initial conditions.
It is important to note that (17), (18), and (19) are independent of c. This
follows from the next theorem.
THEOREM 8. Suppose that A, B are n x n matrices such that (cA + B)-1 exists
o and Ind
(cA + B)
(cA + B) 1, Acc,
for some c. Then

,,

oc. o

are independent of
Proof Since

ftc fl

O

O

it is clear from (16) that it suffices to show that
and Ind (/]c) are independent of c. Suppose
B) and (cA + B) are both invertible. Then
c,

A(cA + B)-1, BcO(cA + B)-1,
2, c are such that (2A

+

A().A + B) -1

Thus

[(2A + B)-1(cA + B)(cA + B)-1A](2A + B) -1

--[(22c + c)-Ic]D(}A + B)-1
y(2c +/]c)(2A + B) -1
=/]c(2(cA + B)-IA + (cA + B)-IB)(2A + B) -1
y(cA + B) -1.
.3.(cA + B)- is independent of c. The proof that (cA + B)-1

dependent of c is similar. Finally, note that for any integer k,
rank ()

+/c)- 1c] k
rank [().c +/)-*/]]
rank [(2

Thus Ind (.) is independent of c.

[-I

rank ().

is in-
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Of course, $c is not usually independent of c. However, it can be shown
that if there exists a c such that cA + B is invertible, then

(20)

lim

c

,z D

and

c C

limfic

c-,0

Whether (20) can be utilized to get a formula for ,jo and jo/ that is independent
of c, we do not know.
In concluding this section, we note that I/’(A) fq X(B) {0} is not sufficient
to guarantee that (cA + B) is invertible for some c.

Example 3. Let

A=

0 0

and B= 0 0

0 0

0

Then I/(A) f’) A/(B) {0} but det (cA + B) 0 for all c.
If there is a c such that cA + B is invertible, then the matrix-valued function
2A + B is called a regular pencil. A canonical form for regular pencils may be
found [4, pp. 24-49]. Lemma 2 is a first step in the development of that canonical
form.
6. Computation of the Drazin inverse. Greville [53 has shown that the Drazin
inverse of a n n matrix A is a polynomial in A, which, by the Cayley-Hamilton
or less. Greville [6 has also given
theorem can be assumed to have degree n
a sequential algorithm for the computation of the Drazin inverse. Robert [10
has developed a method for computing the Drazin inverse of matrices with index
one. The index one case is also discussed in [9.
In this section, we shall show that the Drazin inverse may be calculated if
the eigenvalues of A are known. Suppose that 0 is an eigenvalue of A with multiplicity and the distinct nonzero eigenvalues of A are 2 with multiplicity n,
n. Consider
1,2,..., r. Then if m n + n2 +
+ n, we have m +
the following polynomial of degree n

(21)

p(2)-- l( 0

+ tl, +

+ 0m_l,m-1).

Determine the coefficients of p(2) by solving the following m equations for the
coefficients of p(2):

1/2,

p(23,
i= 1,2,...,r,

(22),
(-- )ni (/’/i
(i)ni

1)!

p(ni -1)(i)

It is easy to show that the equations (22) have a unique solution. We then have the
following.
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THEOREM 9./f p(2) is defined by (21) and (22), then p(A)
Proof A can be written as

where J is a m
Then

m nonsingular Jordan matrix and/ is a

T=T -l

A

x

p

.
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T,

P

p(.)

0. It is easy to show by direct computation that p(J)
A then follows immediately.
Example 4. Let A be

since

p(A)

2

The eigenvalues of A are

4

6

5

4

5

4

0

-1

-1

0

-1

-2

-3

-3

{0, 0, 1, }. From Theorem 9, A
A= A2(%I + oIA),

J-1. That

is given by

where ao and al are the solutions of
0

+

Xl,

-1 =2 o+

Thus

o

4, 1

31.

-3 and we have
3

A

A2(4I- 3A)=

-1

2

2

2

3

3

-1

0

-1

-1

0

-1

It hardly needs to be pointed out that the eigenvalues of a matrix are often
difficult to compute. The method proposed here for computing A works well for
hand calculation and theoretical problems. But for large scale problems, a method
which does not require all eigenvalues to be well determined should be used. As
pointed out in 2, if the Jordan form for A is known, then A may be computed
from it. There are results available on numerical computation of the Jordan
normal form (and hence of eigenvalues and/or the core-nilpotent decomposition).
See, for example, [7].
7. An example. Consider the homogeneous differential equation

(23)

Ax’

+ Bx

0,
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where

A

(24)

B

0

-27

-22

18

14

2 3

10

Note that A and B are both singular and do not commute. Since A + B turns
and multiply (23) on the left by (A + B)-1
out to be invertible, we take c
to get

(25)

fi.x’ +/x

0,

/=1/2

where

/]

(26)

=1/2

6

5

-2

-3

2

10

and

-6

-2

3

-2

A unique solution will exist if and only if the initial vector x(0) satisfies

fll.21)x(O) O.
and/ are {0, 1, 3} and {0, 1, -2}, so that/]o and/o may

(27)

(I

The eigenvalues of
be computed by the method of the last section to be

(28) /]o=

2-

54

77

46

27

-34

-14

/o=

and

_24

-16

-8

12

5

-2

Equation (27) can now be calculated as

9x1(0) + 7X2(0 + 5x3(0

(29)

O.

Since the eigenvalues of -o/ turn out to be 0, 0,
compute the matrix exponential. The final result is

32-,

it is not difficult to

18

(30)

x(t)

e-aa’x(O)

0 26
0

13(e

8e 2/3’
2/3t

16(1

1) 26e 2/3t

e2/3’)]A 2(0)[,
3(0)A

where x(0), x2(0), x3(0) satisfy (29).
Now consider the nonhomogeneous equation

(31)

Ax’

+ Bx

b

,

where A, B are given by (24) and b is the constant vector b [1, 2, 0] r. Again we
where A, B are given
multiply on the left by (A + B)- to obtain x’ +/x
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in (26) and

[

(32)

(A + B) -b

_[_11

20
10

If the initial vector satisfies the condition for uniqueness (or equivalently
existence) of solutions, the solution is given by Theorem 7. In this special case,
$ has index so we have

(33)

x(t)
0 gives

Setting

(34)

(I-

)(x(0)- D)= 0

as a necessary and sufficient condition for existen of a solution having initial
value x(0).
One calculates (34) to be

(35)

9xa(0) + 7x2(0 + 5X3(0 +

,,

0.

Since b is a constant, the integral in (33) may be evaluated using formula
all have index 1, formula (4) simplifies to

(4). Since

(36)

-

Substituting (36) into (33) and simplifying, we find that the final solution is

-

x(t) e-’"t(x(O)Evaluating (37) gives
x(t)
x(0)- x(0)
x(t)
e/’(x(O) + 2x(0))- x(0) + x(0) +

(37)

x(t)

e/’(x(0) + 2x(0))- x(0)

Sx(0)

where xa(0) has been eliminated using (35).

t,

+ 2t,

8. Difference equations. The Drazin inverse also arises naturally in solving
difference equations. Consider, for example, the following difference equation"

(E4)

AX,+l

x,,

n

0,

where k Ind A. One might be tempted to use a (1)-inverse to get x,+ in terms
of x,. However, note that

.

Xn+

AXn+ 2

A Xn+ 3

A

+k+l"

Thus, given x., we want to find an x,+ such that Ax,+
x, and x,+ is in the
range of A If such a solution exists, it is unique and is given by AVx,.
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THEOREM 10. The general solution of AX,+l x,, n O, is {A"(AA)q}=o,
where q is arbitrary.
One can also get difference analogues of Theorems 3, 4, 5, 6, and 7. For
example, the next result is the difference form of Theorem 3.
THEOREM 1./f AB BA and V’(A) N/(B) {0}, then the general solution
of Axn+ Bxn is y (AB)AAOq, q arbitrary.

n

9. Concluding remarks. It is our hope that this paper will motivate further
study of the Drazin inverse and its applications.
More information on differentiability of the Drazin inverse is needed to see
if the ideas of this paper can be applied to systems with nonconstant coefficients.
A first step in this direction was made in [2], where the continuity properties of the
Drazin inverse were established.
It would also be desirable to know how c can be eliminated from (17), (18),
and (19). Theorems 2, 3, 4, and 5 are a step in that direction. Additional results
are possible. For example, assume ind A
1 and let P (I- AAO)B. If
/’(A) f’l V((I AA)B) {0}, then

(I ppo) e-AOB(I-ePO)tq
is the general solution of (E3).
As stated in the Introduction and 6, practical methods of computing a
Drazin inverse are needed.
We also note that, of course, the results of this paper can be applied to nth
order linear equations with matrix coefficients by the usual substitution. For

example,

Ax" + Bx’ + Cx f
(E5)
appears when describing the dynamics of a system of particles. Let y
(E5) becomes

x’. Then

which is now in the form of (E2).
After writing this paper, the authors became aware of I11]. Wong’s work
includes our Theorem 6 and some of our results on the solution ofthe homogeneous
equation (E3). However, he does not treat the nonhomogeneous equation, nor
does he realize the simplification that results from using the Drazin inverse.
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