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ON ERROR BOUNDS FOR GENERALIZED INVERSES* 

ADI BEN-ISRAELt 

Introduction. Solving the system of linear equations 

(1) Ax=b 

on a computer, results in a solution x + dx of a "perturbed" system 

(2) (A + dA)(x + dx) = b + db. 

The errors involved in the numerical solution of (1) were studied by von 
Neumann and Goldstine [9], Turing [13], Householder [5] and [6], Lonseth 
[8], Wilkinson [14], [15] and [16], Bodewig [3] and others. The error analysis 
of (1) relates some measure of the error to the data A, b and to the method 
of solution, thus to the perturbations dA, db generated thereby. 

A possible measure of the error is dx 11. Some popular bounds on 
jd 11 are: 

(3) dx < A 1A' db x if dA 0, 

(4) lldxl 1 < fA-' fffd Ajx if db = O, A-7'W ldAfl < 1, 

) jdx << 1-AA-' dAbdA+ db 
if -i A-' 1111dA < 1. 

These bounds, and some related results, are generalized below to the case 
where A is rectangular or singular and where (1) is solved by using the 
generalized inverse [10]. Corollaries 1, 2, 3 and 4 are well known, and are 
included here as immediate consequences of more general, and less useful, 
results. 

Notations. Let En be the n-dimensional complex vector space with 

(x,y) = Exi9i , 11x I (x,x)1"2 for x,y E E'. 

For an m X n complex matrix A let 
A* = the conjugate transpose of A, 
At -the generalized inverse of A, [10], 
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586 ADI BEN-ISRAEL 

A = maxi Xi/2 (A*A), the spectral norm of A,' 
R(A) = {y E Em y = Ax, x E E'}, the range space of A, 
N(A) = {x E E':Ax = O}, the nuil space of A. 

A matrix P is a projector if P = P2 = P*, [7]. If P is a projector and 
L = R(P) we write P = Pr(L). 

The matrices A, B are arbitrary, and their dimension is apparent from 
the context in which they appear; thus A + B means that A and B are of 
the same dimension, and in particular I + A means that A is square. 

The following results are needed in the sequel: 

(6) I! Ax < ? A J!Al!xl! for all x EEn and A; 

(7) JAB J< JA 1JJ B JJ for all A, B, e.g., [7]; 

(8) | P = 1 for every nonzero projector P; 

(9) lx +y 11 > I 1fl x 1-I 11 I forall x,y E EE; 

(10) A + B ?< A 11 + IB 11; 

(11) JA + B > ? 11 A 11-J1 B 11 1; 

(12) AAt = Pr (R(A)), e.g., [2]; 

(13) AtA = Pr (R(A*)); 

(14) R(A*) = N(A)1. 

THEOREM 1. If P is a projector and 

(15) JA 11 < 1, 

then 

(16) rank (P + A) > rank P. 

Proof. Let p = rank P and let Xl, X2, ... , xp be a basis for R(P). We 
prove (16) by proving the linear independence of the vectors (P + A )x , 
i = 1, * , p. If there are scalars al , , at,, not all of which are zero, 
such that 

(17) Zai(P+A)xi = 0, 

then 

O-WZao(P+ A)xi =(P+ A)Za iax | 

> PI aixi - A | aixi| by (9) and (6) 

'For a discussion of matrix norms see [7], especially p. 44 where the spectral norm 
is denoted by lubs (A). 
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(18) fl E aixi - A 1111 E a,x, since Pxi xi 

> (1- tA I) Zaixfl 

> 0 by (15) and aixi 0. 

COROLLARY 1. If A < 1, then (I + A) is nonsingular. 
THEOREM 2. If 11 A 11 < 1 and L is a subspace such that 

(19) L D R(A), 

then 

(20) 11(Pr (L) + A)t 11 _ 

Proof. Using (13) we get 

Pr (R(Pr (L) + A*)) = Pr (R(Pr (L) + A)*) 

(21) = (Pr (L) + A)t(Pr (L) + A) 

= (Pr (L) + A)tPr (L) + (Pr (L) + A)tA. 

Now from (19) and Theorem 1 it follows that 

(22) R (Pr (L) + A) = L; 

therefore (AAt + A )t is the zero operator on L', [2], and we conclude that 

(23) (Pr (L) + A)tPr (L) = (Pr (L) + A)t. 

From (21) and (23) we get 

(24) Pr (R(Pr (L) + A*)) = (Pr (L) + A)t(I + A), 

and by taking norms and using (8) and (11), 

(25) 1 = 11 Pr (R(Pr (L) + A*)) (Pr (L) + A)t 11 (1- A), 

which proves (20). 
COROLLARY 2. If || A fl < 1, then 

(26) 11 (I+ A)-' 11 < I 

THEOREM 3. If 11 A 11 < 1 and L is a subspace such that L D R(A), then 

(27) (Pr (L) + A)t - Pr (L + R(A*)) 1 IAII 

Proof. From (24) we get 

(28) Pr (R(Pr (L) + A*)) - (Pr (L) + A)t= (Pr (L) + A)tA, 
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but 

(29) R(Pr (L) + A*) = L + R(A*) 

and (27) follows by using (28), (29), (7) and (20). 
COROLLARY 3. If || A || < 1, then 

(30) 11(I + A )-' Il < IAf_ 

LEMMA 1. If A, B satisfy 

(31) A AtB =B, 

(32) AtAB* B*, 

(33) JJ AtB 11 < 1, 

then 

(34) (A + B)t = (I + AtB) -At. 

Proof. Using (31) we write 

(35) A + B = A(I + AtB). 

By Corollary 1 and (33) the matrix (I + AtB) is nonsingular. To prove 
(34) amounts therefore to proving that 

(36) (A C)t = - At 

where 

(37) C=I+AtB. 

Greville [4] showed that (36) holds if, and only if, the following two 
conditions are satisfied: 

(38) AtACC*A* = CC*A* 

and 

(39) CGtA*AC = A*AC. 

Now, (39) follows from the nonsingularity of C, and (38) follows from 

CC*A* = (I + A'B)(I + AtB)*A* 

- (I + AtB) (I + B*At*)A* 

- (I + AtB) (A* + B*(AAt)*) 

(40) (I + AtB) (A* + (AAtB)*) 

-(I+AtB)(A*+B*) by(31) 
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- (I+ AtB) (A*+ ATAB*) by (32) 

= A* + At(BA* + AB* + BAtAB*), 

and from AtAA* A* by (13), and AtAAt = At. 
THEOREM 4. If A, B satisfy (31), (32) and (33), then 

(41) (A B)-A E (_)k (A );A 

and 

(42) II (A + B)t - At ? IAtB 11 AtI. 
1- 11AtBK 

If (31) and (32) hold, but (33) is replaced by 

(43) 11A' 11 B 11 < 1, 

then 

(44) (A + B)t - At 11 < 11 A' 112 HIBI 

Proof. From Lemma 1 it follows that 

(45) (A + B)t - A' = [(I + AtB)1 - I]At. 

From (33) follows the expansion 

(46) (I + AtB)-l = E (_1 )k(AtB)k, 
k==O 

and the last two equations yield (41). The inequality (42) follows from 
(45) by using Corollary 3. The condition (43) (which is stronger than 
(33)) then implies (44) (which is weaker than (42) but does not involve 

AtB 11). 
COROLLARY 4. If A is nonsingular and 

(47 ) 11 A-'B 11 < 11 

then (A + B) is nonsingular and 
00 

(48) (A + B)-1 - A-1 = E (-1)k(A-lB)kA1 

and 

(49) ||(A + B)-1 - A-' 1<1 A 1B 1 A-' 
1-11A-' B 

if 
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(50) A-' B 11 < 1, 

then 

(51) (A + B)' - ' 11 A-' ,I'l1 BB1 

Recall now that the "best approximate solution" (least squares solution 
of least norm) of (1) is [11] 

(52) x = A'b. 

We study now the sensitivity of x in (52) to variations in the data A, b. 
THEOREM 5. If (1) is solvable, x satisfies (52) and 

(53) (x + dx) =-A(b + db) 

then 

(54) 1ldx 11 < 11 A II At 111db 

Proof. From (53) and (52) we have 

(55) dx A'db, 

so that 

(56) Hdx 11 < A' A db 11 

Since (1) is solvable and x satisfies (52), we conclude that x is a solution 
of (1) and hence 

(57) (b 11 < 11 A lxI1, 

and (54) follows from (56) and (57). 
THEOREM 6. If (1) is solvable, and if x satisfies (52) and dx is defined by 

(58) x + dx = (A + dA)tb, 

where the matrix dA satisfies 

(59) AA'dA = dA, 

(60) AtA(dA)* = (dA)* 

and 

(61) IA' lldAI < 1, 

then 

(62) ldx11 < 1< At' dAll 
ix I 11 At 11 1I dA 1 
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Proof. Using (52) and (58) we get 

(63) dx = [(A + dA)t - At]b. 

From (41) with B dA, and x being a solution of (1), we get 
co 

(64) dx Z (-1 )k(A' dA)kA'Ax, 

and (62) follows by taking norms and using (6), (7), (10), (13) and (8). 
THEOREM 7. If x satisfies (52), and if dx is defined by 

(65) (x + dx) = (A + dA)t(b + db), 

where dA satisfies (59), (60) and (61), then 

(66)~ 1-11 dx 11 A' 
d 11 ( 11 dA i A' 1| b ||+ 1db 1 

Proof. 

(67) dx = ((A + dA)t - A')b + (A + dA)t db. 

Using Theorem 4 with B dA we get 

(68) lI[(A + dA)'-At] b 11< A'lIl dAbIlbl I Al I dA 

Similarly, from Lemma 1 and Corollary 2, 

11 (A + dA)t db (I _ 11(I + At dA)' IHI At IH db I 
(69) _ At lldbll 

- 1-IAt11 At dA I? 

and (66) follows from (67), (68) and (69). 
Remarks. (a) Theorems 5, 6 and 7 generalize, to the singular case, the 

bounds (3), (4) and (5) respectively. As in the nonsingular case, e.g., [12, 
p. 4201, in order to use (66) in the error analysis of (52) some bounds or 
estimates for II At 11, II dA 11 and 11 db II are required. These computations, 
for some of the present day generalized inversion methods, will be produced 
elsewhere. 

(b) The bound (54) (as well as (62) and (66) in the case where the 
measure of error is not I dx I but the residual I A(x + dx) -b b 
-=I A dx I I) suggests the definition of Ij A I II At I as the spectral condition 
number, e.g., [7, p. 811, for singular or rectangular matrices. 

(c) The conditions (31) and (32) are equivalent to the condition 

(70) AAtBAtA = B, 
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which is equivalent to the solvability [101 of 

(71) A XA =B. [10] 

Thus the perturbations studied in the Theorems 4, 6 and 7 are (using 
the notations of [1]) elements of R (A, A). 

Using the direct sum decomposition of the space of n X n complex 
matrices [1] it is easy to extend our results to perturbations having com- 
ponents outside R (A, A). 
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