
Contemporary Mathematics

Projectors on intersections of subspaces

Adi Ben–Israel

Abstract. Let PL denote the orthogonal projector on a subspace L. Two
constructions of projectors on intersections of subspaces are given in finite–
dimensional spaces. One uses the singular value decomposition of PLPM to

give an explicit formula for PL∩M. The other construction uses the result that
the intersection of m ≥ 2 subspaces, L1∩L2∩· · ·∩Lm, is the null–space of the

matrix Q :=
m∑
i=1

λi (I −PLi
), for any positive coefficients {λi}. The projector

PL1∩L2∩···∩Lm can then be given in terms of the Moore–Penrose inverse of Q,

or as the limit, as t → ∞, of the exponential function exp{−Qt}.

Notation

For a linear transformation A : Cn → Cm, R(A) denotes the range, N(A)
the null–space, A∗ the adjoint, and A† the Moore–Penrose inverse, [24], of A. The
same letter is used for the matrix representing A, and A∗ is its conjugate transpose,
or just transpose if A is real.

For integers i < j, the index set {i, i+ 1, . . . , j} is denoted by i, j.
The (standard) inner product of vectors x,y is denoted by ⟨x,y⟩. The Eu-

clidean norm ∥x∥ := ⟨x,x⟩1/2, and the corresponding matrix norm,

(0.1) ∥A∥ := the largest singular value of A, (e.g. [15, Theorem 2.3.1]),

are used throughout.
The orthogonal projector P on a subspace L ⊂ Cn is characterized by P =

P 2 = P ∗ and L = R(P ). It is called here the projector on L, and denoted by PL;
the projector on the orthogonal complement L⊥ of L is denoted by P⊥

L ,

(0.2) P⊥
L = I − PL.

SVD is an abbreviation for the singular value decomposition, e.g. [9, p. 14].
.
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1. Introduction

J. von Neumann gave the projector on the intersection of subspaces L, M of a
Hilbert space H as the limit,

(1.1) PL∩M = lim
n→∞

(PLPM)n, [31, p. 55],

extended by Halperin [18] to projectors on the intersection of m subspaces {Li},

(1.2) PL1∩···∩Lm
= lim

n→∞
(PL1

· · ·PLm
)n,

see the history in [11, pp. 233–235], and recent proofs by Kopecká and Reich [21],
Bauschke, Matous̆ková and Reich [7], and Netyanun and Solmon, [22].

These ideas are used in the Kaczmarz method [20] and other alternating pro-
jection methods, e.g. [32]. The rate of convergence of (1.1) was established by
Aronszajn [4, p. 379], Deutsch [11, eq. (9.8.1)] and others as

(1.3) ∥(PLPM)nx− PL∩Mx∥ ≤ c2n−1∥x∥,

where c is the cosine of the minimal angle between L∩(L∩M)⊥ and M∩(L∩M)⊥,

(1.4) c = c(L,M) = sup

{
⟨x,y⟩
∥x∥ ∥y∥

: x ∈ L ∩ (L ∩M)⊥, y ∈ M ∩ (L ∩M)⊥
}
.

A similar bound for the rate of convergence of (1.2) is given in [11, Theorem 9.33].
Anderson and Duffin [3] gave an explicit formula for PL∩M,

(1.5) PL∩M = 2PL(PL + PM)†PM,

see also [12] and [25, Theorem 4].

Results. Specializing to finite–dimensional spaces, three formulas for the pro-
jector on the intersection of m subspaces are given.

(a) Theorem 3.2(b) (m = 2): a constructive formula (3.6) for PL∩M that
uses the SVD of PLPM.

(b) Corollary 4.2 (m ≥ 2): an explicit formula (4.7) that uses the Moore–
Penrose inverse.

(c) Corollary 5.3 (m ≥ 2): the projector as the limit (5.8) of an exponential.

Plan. Section 2 is a review of principal angles between subspaces as needed in
the sequel.

Section 3 uses the SVD of PLPM to get Result (a) above, and the precise error
∥(PLPM)n − PL∩M∥ for all n.

Section 4 represents the intersection of m ≥ 2 subspaces as the null–space of a
matrix given by their projectors, see Lemma 4.1. The projector on the intersection
is then given in Corollary 4.2.

Section 5 gives projectors on intersections of subspaces as limits of exponentials,
Corollary 5.3.

2. Principal angles

Here and in Section 3, L and M are subspaces of Rn and it is assumed that
PLPM ̸= O (otherwise either M ⊂ L⊥ or L ⊂ M⊥, and L ∩M = {0}).
(a) A pair of vectors (x,y) ∈ L×M is called reciprocal if

(2.1) λx = PL y, µy = PM x ,
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for some λ, µ > 0. It follows that ⟨x,y⟩ = λ ⟨x,x⟩ = µ ⟨y,y⟩ and the angle between
x and y is given by

cos2 ∠{x,y} =
⟨x,y⟩2

⟨x,x⟩⟨y,y⟩
= λµ.

(b) Any pair of reciprocal vectors x and y with cos2 ∠{x,y} = σ2 are eigenvectors
of PLPM and PMPL, respectively, both with the eigenvalue σ2,

PLPMx = σ2 x,(2.2a)

PMPL y = σ2 y.(2.2b)

Conversely, if x satisfies (2.2a) and y := PMx then x and y are reciprocal, [2,
Theorem 4.4].
(c) The principal angles between L and M,

(2.3) 0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θr ≤ π
2 , r = rank (PLPM),

are defined recursively by the extremum problems

cos θ1 =
⟨x1,y1⟩
∥x1∥∥y1∥

= sup

{
⟨x,y⟩
∥x∥ ∥y∥

: x ∈ L, y ∈ M,

}
,(2.4a)

cos θi =
⟨xi,yi⟩
∥xi∥∥yi∥

= sup

{
⟨x,y⟩
∥x∥ ∥y∥

:
x ∈ L, x ⊥ xk,
y ∈ M, y ⊥ yk,

k ∈ 1, i− 1

}
, i ∈ 2, r.

(2.4b)

(d) Vectors (xi,yi) corresponding to a principal angle θi = ∠ {xi, yi}, are recipro-
cal.
(e) If i ̸= j then, xi ⊥ xj , yi ⊥ yj , and xi ⊥ yj .
(f) If θi = 0 then xi = yi, a vector in the intersection L ∩M.
(g) The reciprocal vectors {(xi,yi) : i ∈ 1, r} span the space PLM+ PML.
(h) The intersection L ∩M is spanned by the vectors xi corresponding to θi = 0;
in particular, L ∩M = {0} if all θi > 0.

Remark 2.1.
(i) Principal angles between subspaces were introduced by Jordan and studied by
Hotelling [19], Afriat [1]–[2], Seidel [28], Zassenhaus [33] and others [8, Theorem
4], see the history in [30, p. 45] and [13, Section 1.7].
(ii) The main methods for computing principal angles employ the SVD (Björck
and Golub [10], Golub and Zha [16], see also [15, Algorithm 12.4.3]) or the CS
decomposition (Stewart [29]).
(iii) For angles between subspaces of complex vector spaces (where there is no
“natural” definition of angle), see [14].

3. PL∩M and the singular value decomposition of PLPM

The SVD of the product PLPM is used here to study the von Neumann iteration
(1.1), and to obtain a constructive formula for PL∩M.

Lemma 3.1. Let (x,y) be reciprocal vectors satisfying (2.2). Then x and y are
eigenvectors of (PLPM)(PLPM)∗ and (PMPL)

∗(PMPL), respectively, corresponding
to the eigenvalue σ2,

(PLPM)(PLPM)∗ x = σ2 x,(3.1a)

(PMPL)
∗(PMPL)y = σ2 y.(3.1b)
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Proof.

(PLPM)(PLPM)∗ x = PLPMP ∗
MP ∗

L x

= PLPMPL x

= PLPM x, since x ∈ L.

Therefore (3.1a) is equivalent to (2.2a). (3.1b) is similarly proved. �

This shows that the σ’s in (2.2) are singular values of PLPM, which allows
writing the SVD of (PLPM)n for all n.

Theorem 3.2. Let L,M be subspaces of Rn, let r = rank (PLPM), and let the
principal angles {θi : i ∈ 1, r} and corresponding reciprocal pairs {(xi,yi) : i ∈ 1, r}
be given. The vectors {xi,yi} are assumed normalized, ∥xi∥ = 1 = ∥yi∥ for all i.
(a) The SVD of PLPM is

(3.2) PLPM = X ΣY ∗

where
(i) X is an n× r matrix with the vectors {xi : i ∈ 1, r} as columns,
(ii) Y is an n× r matrix with the vectors {yi : i ∈ 1, r} as columns,
(iii) Σ is the r × r diagonal matrix with the singular values

(3.3) σi = cos θi = ⟨xi,yi⟩
on the diagonal, in decreasing order.
(b) Let
(3.4)
s := the number of singular values σi = 1 (corresponding to angles θi = 0), 0 ≤ s ≤ r.

Then

(3.5) xi = yi, i ∈ 1, s,

and

(3.6) PL∩M =

 O, if s = 0;
s∑

i=1

xix
∗
i , otherwise.

(c) The SVD of the n th iterate of (1.1) is

(3.7) (PLPM)n = X Σ2n−1 Y ∗.

(d) The error of the n th iterate

(3.8) (PLPM)n − PL∩M,

has the norm

(3.9) ∥(PLPM)n − PL∩M∥ = cos2n−1 θs+1,

where θs+1 is the smallest positive principal angle.

Proof. (a) follows from (3.1a)–(3.1b).
(b) If L ∩M ̸= {0} it is spanned by the orthonormal set {xi : i ∈ 1, s}.
(c) (PLPM)n is, by (3.2),

(PLPM)n = (X ΣY ∗)(X ΣY ∗) · · · (X ΣY ∗),
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where Σ appears n times, and Y ∗X appears n − 1 times. But Y ∗X also = Σ, by
(3.3) and the orthogonality yi ⊥ xj if i ̸= j.
(d) From (3.7) and (3.6) it follows that the error (3.8) has the SVD

(3.10) (PLPM)n − PL∩M = X1 Σ
2n−1
1 Y ∗

1

where the matrices X1 and Y1 have as columns the last r − s columns of X and Y
respectively, and Σ1 is the diagonal matrix obtained from Σ by deleting the first
s rows and columns. Because of the orthonormality of the columns of X1 and Y1,
the norm (0.1) of the error (3.8) is the norm of Σ2n−1

1 , that is σ2n−1
s+1 . �

Remark 3.3.
(i) The explicit formula (3.6) for PL∩M follows also from [15, Theorem 12.4.2], that
uses the SVD of Q∗

LQM where the columns of QL and QM are orthonormal bases
of L and M, respectively. This approach does not yield the SVD of (PLPM)n in
an obvious way.
(ii) (3.9) is due to Deutsch [11, Theorem 9.31] and confirms that the bound (1.3)
is the best possible.
(iii) The product PLPM was also studied in [5], [8], [17] and elsewhere.
(iv) Baksalary and Trenkler, [6], used the spectral factorization

PL = U

(
I O
O O

)
U∗, U unitary,(3.11)

to write

PM = U

(
A B
B∗ D

)
U∗, for appropriate matrices A,B,D,(3.12)

and showed that

(PLPM)n = U

(
An An−1B
O O

)
U∗,(3.13)

from which (3.6) follows in the limit.

Example 3.4. We illustrate (3.9) for the iterations (PLPM)n v0, with an arbi-
trary initial vector

(3.14) v0 =

s∑
i=1

ξi xi +

r∑
i=s+1

ξi xi +

r∑
i=s+1

νi yi + z,

where s is as in (3.4),
∑s

i=1 ξi xi = PL∩Mv0, and the vector z ∈ (PLM+ PML)⊥.

Then the n th iterate

vn := (PLPM)n v0 =
s∑

i=1

ξi xi +
r∑

i=s+1

(ξi cos
2nθi + νi cos

2n−1θi)xi(3.15)

−→ PL∩M v0, as n → ∞,

where (3.15) follows from PLPM xi = (cos2 θi)xi, PL yi = (cos θi)xi, and PLPM z =
0. The error

vn − PL∩M v0 =
r∑

i=s+1

(ξi cos
2nθi + νi cos

2n−1θi)xi

is in agreement with (3.10), the “extra” power of cos θi follows from (3.3).
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Remark 3.5. The convergence of the von Neumann iterations is slow if the
smallest positive angle θs+1 is small, see (3.9). This cannot be helped, but can
be avoided by the direct computation (3.6) that uses only the SVD of PLPM, an
alternative to the Anderson–Duffin formula (1.5).

4. Dual representations

A subspace L can be represented dually as the vectors orthogonal to a set of
vectors (its normals), i.e. as a null space of a matrix with the normals as rows,

(4.1) L = N(A)

in which case the projector on L is

(4.2) PL = I −A†A

which is unique even though A is not. Dual representations allow computing the
projectors on intersections of more than 2 subspaces: If m subspaces have dual
representations, say Li = N(Ai), then their intersection

L1 ∩ L2 ∩ · · · ∩ Lm

is the null space of the matrix formed from the rows of the m matrices Ai, and
the projector on the intersection can be found by (4.2). This approach avoids the
computation of the projectors on the subspaces Li, but requires the matrices Ai.

Given two subspace L,M ⊂ Cn, Afriat gave a dual representation of their
intersection

(4.3) L ∩M = N (I − PLPM)

see [2, Theorem 4.5]. The projector PL∩M can then be computed by (4.2) with
A = I − PLPM, but the result does not offer any advantage over (1.5), see [5, eq.
(2.21)].

Next comes a dual representation of the intersection of m subspaces, m ≥ 2.

Lemma 4.1. For i = 1, · · · ,m, let
Li be subspaces of Cn,
Pi the corresponding projectors,
P⊥
i := I − Pi, and

λi > 0. Then

(4.4) L1 ∩ L2 ∩ · · · ∩ Lm = N

(
m∑
i=1

λi P
⊥
i

)
.

Proof. Let LS and RS denote left side and right side, respectively.
LS(4.4) ⊂ RS(4.4): Obvious.
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LS(4.4) ⊃ RS(4.4): For any x ∈ N

(
m∑
i=1

λi P
⊥
i

)
, it follows from (0.2) that(

m∑
i=1

λi

)
x =

m∑
i=1

λi Pi x.

...

(
m∑
i=1

λi

)
∥x∥ = ∥

m∑
i=1

λi Pi x∥

≤
m∑
i=1

λi ∥Pi x∥

≤
m∑
i=1

λi ∥x∥

with equality iff ∥x∥ = ∥Pi x∥ for all i, i.e. iff x ∈ L1 ∩ L2 ∩ · · · ∩ Lm. �

Equation (4.4) also follows from a result by S. Reich, [26, Lemma 1.4, p. 283].
Lemma 4.1 gives a new closed form for the projection on the intersection of m

subspaces:

Corollary 4.2. Let Li, P
⊥
i , λi be as in Lemma 4.1, and define

(4.5) Q :=
m∑
i=1

λi P
⊥
i ,

in particular, if all λi =
1
m ,

(4.6) Q := I − 1
m

m∑
i=1

Pi.

Then

(4.7) PL1∩L2∩···∩Lm = I −Q† Q.

Proof. Follows from (4.4) and (4.2). �

Remark 4.3.
(a) The formula (4.7) is independent of (1.5), and does not reduce to it for m = 2.
(b) (4.7) gives the projection on the orthogonal complement (L1 ∩L2 ∩ · · · ∩Lm)⊥

as

(4.8) P⊥
L1∩L2∩···∩Lm

= Q† Q.

5. Projectors as limits of exponentials

For a matrix A ∈ Cn×n and a scalar t, recall the formula of the exponential
function

(5.1) exp {At} := I +At+ 1
2! A

2t2 + · · ·

Next come some consequences of the definition (5.1).

Lemma 5.1.
(a) If A ∈ Cn×n then

(5.2) exp {At} = PN(A∗) + PR(A) exp {At}.



8 ADI BEN–ISRAEL

(b) If H is positive semi–definite then

(5.3) exp {−Ht} −→ PN(H) as t → ∞.

(c) If P is a projector and P⊥ := I − P then

(5.4) exp {−Pt} −→ P⊥ as t → ∞.

Proof.
(a) Writing the matrix I in (5.1) as I = PN(A∗) + PR(A) we get

exp {At} = PN(A∗) + PR(A)

[
I +At+ 1

2! A
2t2 + · · ·

]
= PN(A∗) + PR(A) exp {At}

(b) If H is positive semi–definite then by (5.2),

exp {−Ht} = PN(H) + PR(H) exp {−Ht}(5.5)

−→ PN(H) as t → ∞.

(c) If P is a projector then by (5.5),

exp {−Pt} = P⊥ + P exp {−t}

−→ P⊥ as t → ∞. �

Example 5.2. Let P be a projector, x0 a given vector, and consider the prob-
lem of minimizing ∥P⊥(x− x0)∥2,

inf
x

⟨x− x0, P
⊥(x− x0)⟩, which is equivalent to inf

x
{⟨x, P⊥x⟩ : P x = P x0}.

Solution by a gradient method

(5.6) xt := x− t P⊥x,

or
xt − x

t
= −P⊥x,

gives a trajectory approximated by the differential equation

(5.7) ẋ = −P⊥ x, x(0) = x0,

with solution

x(t) = exp {−P⊥t}x0 =
(
P + P⊥ exp {−t}

)
x0

−→ P x0 as t → ∞, by Lemma 5.1(c).

Discrete steps along (5.6) are orthogonal to R(P ), as is the trajectory of (5.7).

This is also mentioned in [27, p. 244].

The projector PL1∩L2∩···∩Lm can be represented as a limit of an exponential.

Corollary 5.3. If Li, P
⊥
i , λi are as in Lemma 4.1, and Q is given by (4.5),

Q :=
m∑
i=1

λi P
⊥
i ,

then

(5.8) PL1∩L2∩···∩Lm = lim
t→∞

exp {−Qt}

Proof. Follows from Lemma 4.1 and Lemma 5.1(b). �
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Remark 5.4.
(a) A possible implementation for the projection of a given vector v0 on N(Q) is
the iterative method

(5.9) vt+∆t := (I −∆tQ)vt,

whose steps
vt+∆t − vt = −∆tQvt,

are all orthogonal to N(Q), since Q is Hermitian.
(b) The limit (5.8) can be extended to Hilbert spaces (of infinite dimensions) by
using the results in [23, Chapter 3].
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